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A B S T R A C T

We introduce a new method for designing reinforcement for grid shells and improving their resistance to
out-of-plane forces inducing bending. The central concept is to support the base network of elements with an
additional layer of beams placed at a certain distance from the base surface. We exploit two main techniques
to design these structures: first, we derive the orientation of the beam network on a given initial surface
forming the grid shell to be reinforced; then, we compute the height of the additional layer that maximizes
its overall structural performance. Our method includes a new formulation to derive a smooth direction field
that orients the quad remeshing and a novel algorithm that iteratively optimizes the height of the additional
layer to minimize the structure’s compliance. We couple our optimization strategy with a set of constraints to
improve buildability of the network and, simultaneously, preserve the initial surface. We showcase our method
on a significant dataset of shapes to demonstrate its applicability to cases where free-form grid shells do not
exhibit adequate structural performance due to their geometry.

1. Introduction

Grid shells are elegant and lightweight structures used in archi-
tecture to cover large spaces. Their lightness is due to the structural
efficiency resulting from membrane actions through axial forces along
a grid of beams. This behavior that relies on in-plane stiffness rather
than bending can be obtained only by employing a careful shape design,
i.e., form-finding and suitable grid topology. Usually, the shape of a
grid shell is a product of the joint efforts of architects and engineers
who closely collaborate in the early conceptual design phase. Thus, it
fulfills aesthetic and functional requirements while guaranteeing struc-
tural efficiency. However, this joint effort only sometimes happens, and
the shape is sometimes sculpted with artistic intents only, resulting
in free-form shapes that are inefficient for given load and boundary
conditions.

In these cases, bending forces inherently arise since transversal
forces cannot be balanced by in-plane stress. Also, significant bending
can be observed in many common cases, such as in the presence of
asymmetrical load [1] or large openings [2]. The structural perfor-
mance can be improved with shape or topology optimization, but these
methods might significantly alter the original surface and its aesthetics
or even violate some design constraints.

Some research works address bending in the continuum shell op-
timization [3,4], and study corrugation in shells [5] and in grid
shells [6] to increase bending strength. Form-finding techniques of self-
supporting [7], tension-only [8], and mixed of tension-compression

∗ Corresponding author.
E-mail address: francesco.laccone@isti.cnr.it (F. Laccone).

structures [9] can include constraints on the final shape compared to a
desired target.

Given a grid shell, bending stiffness may be achieved by increasing
the beams’ cross sections or the joints’ stiffness, with the drawback of
increasing fabrication costs and weight of the entire structure. Alter-
natively, another method is reinforcing the grid shell with a support
structure that counterbalances out-of-plane forces. This approach has
been applied to design two masterpieces of structural engineering: the
Berlin Central Station roof [10] and the Waterloo Station roof [11].
Both structures are shaped as translation surfaces in which a transversal
2D reinforced truss is replicated along a 2D path.

Inspired by these built examples, we propose a new computational
pipeline to design a reinforcement structure automatically for a pre-
defined load condition capable of efficiently supporting out-of-plane
loads given a fixed initial geometry. Our pipeline devises reinforced grid
shells by connecting the base grid shell structure with another structure
having similar connectivity but placed at a certain distance from the
original grid shell, as in Fig. 1. These two interconnected structures can
generate bending inertia from the spacing between the members of the
two surfaces in the out-of-plane direction.

Our method consists of two main steps: first, we tessellate the initial
shape (main layer) with a grid of beams to maximize the resistance
to out-of-plane bending, and then we optimize the location of the
additional layer using a novel energy formulation. Finally, we perform
a final step to include primary fabrication constraints to improve the
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Fig. 1. Our bending-reinforced grid shell: starting from a generic continuous free-form surface, we define a tessellation to align the structural elements in a discrete setting based
on the FE analysis for the continuous surface; then, we compute a network of beams with variable height from the starting tessellation, which lies on the input surface.

solution, such as solving beams’ self-intersections. Our method can au-
tomatically derive full-scale architectural structures that have adequate
static performances and are feasible from a fabrication viewpoint. To
our knowledge, this is the first method to automatically derive rein-
forcement structures for fixed non-membrane shapes in a 3D discrete
setting.

2. Related work

Grid shell design poses several interconnected challenges on aesthet-
ics, mechanical behavior, tessellation, fabrication, and assembly. There-
fore, it requires multi-disciplinary skills ranging from architecture,
structural engineering, mathematics, and computer graphics. Their
combination has recently settled into a new research field named
Architectural Geometry [12].

Form-finding. Form-finding is finding a shape in equilibrium subject to
specific loading and boundary conditions so that it will only experience
in-plane internal forces, i.e., axial forces in grid shells. Core numeri-
cal form-finding methods exist [13], such as the Force Density [14],
the Dynamic Relaxation, and the Thrust Network Method [15]. They
have been combined with Airy stress functions and graphic statics for
obtaining more creative design explorations [16,17]. Similar strate-
gies can be found in general equilibrium networks of elements in
tension-compression [18,19].

Structural optimization. Unlike form-finding, obtaining efficient struc-
tural grids for a given shape is an indirect problem and can be solved
with optimization. Here, the tessellation plays a critical role in the
static performance of the structure. In [20], the authors optimize
grids of elements in response to multiple load cases using continuum
homogenization. In [21], the authors use the principal stress compo-
nents to tessellate the grid for a better alignment of the elements.
In [22], the authors optimize quad mesh directions to obtain minimal
weight. Relevant optimization strategies also characterize structures,
which have different mechanical behavior, such as tensegrities [23–25],
spatial structures [26,27], or bending-active structures [28–30].

Other contributions include variables of different nature in the ob-
jective function or in the constraints, such as aesthetics and buildability.
In the last decades, a significant effort has been spent on rationalizing
free-form structures to achieve feasible construction with reduced man-
ufacturing costs [31–34] eventually modifying the connectivity [35].
Other papers propose optimization methods to achieve developable

surfaces [36,37] or meshes composed of planar elements [38–40],
including repeated elements [41] or meshes with no torsion on the
nodes [42]. More general methods are designed to optimize the tes-
sellation [43,44], additionally including curved features [45].

Our approach lays its foundations on a different concept. Instead
of modifying the initial shape, we couple the main structure (laid
on the initial shape) with an additional reinforcement, making the
thus-formed structure capable of bearing out-of-plane forces.

Double layer and reinforcement structures. Several concepts utilize ad-
ditional structural elements to enhance the structural performances of
architectural structures. The approach in [46] uses accurately placed
cables to design compression-only surfaces. Adding ribs and reinforce-
ment [47–51] to align along specific paths, i.e., principal stress direc-
tions, is a well-known strategy inspired by the Michell-like optimum
structures. The strain/stress field is usually computed under the as-
sumption of planar stress (thin shell hypothesis, no stress in the normal
direction). In the paper [52], a novel strategy to reinforce 3D shells
with ribs is proposed. Hence, the ribs’ height is proportional to the
bending. The network of ribs is aligned with a cross-field that con-
siders the principal strain directions in the equivalent continuum. The
approach, however, is conceived for 3D printing or designing surfaces
with geometrically complex elements that cannot be easily adapted to
large architectural structures.

In architecture, creating a double layer is the standard approach
to achieving resistance to out-of-plane stress. The double layer ma-
terializes bending strength and robustness from two appropriately-
distanced interconnected surfaces. These surfaces can be continuous
or segmented, i.e., shaped as grids or plates. The higher the distance
between the layers, the larger the bending inertia. Double-layer plate
structures are typically used in timber construction to realize dry-
connected lightweight shells in the form of cassettes, hollow boxes, or
waffle structures [53–55]. This concept can be extended even towards
less stiff materials [56]. Double-layer structures, also known as space
frames, are usually made of steel and are characterized by modular
elements arranged in a regular unit and repeated over a predefined
grid [57]. Most are flat or single-curved, but even more complex
free-form geometries are feasible.

The possibility of varying the distance between the layers following
the bending moment plot has inspired several design concepts for
2D structures such as truss bridges and frames. Moreover, it inspired
research based on graphic statics to transform a generic free-form curve



Computer-Aided Design 168 (2024) 103670

3

F. Laccone et al.

Fig. 2. Analysis of a truss: on top, Ritter method; on bottom, flexural analysis of the
equivalent beam; right, force polygon.

into a funicular shape. In the works [58,59], the funicular of 2D and
3D shapes is achieved via post-tensioning of out-of-plane cables using
graphic statics. With a similar purpose, in [60], the funicular geometry
is exploited to design a tension stiffening system shaped according to
the bending moment in a 2D free-form curve. Instead, our method is
the first one that enables the automatic design of both the lattice and
the height of the additional layer in the generic context of free-form
surfaces as input.

3. Background

Apart from built examples (Berlin Central Station roof and the Wa-
terloo Station roof), our research is inspired by analytical and graphical
tools for designing and analyzing simple 2D trusses. Two key concepts
are fundamental in finding an optimal reinforcement network: define
the shape of the additional layer and make it uniformly stressed for
efficiency.

Analysis and design of a 2D truss. We can derive the first key concept
from analyzing a simply-supported truss beam subject to vertical load-
ing. For simplicity, we assume a Pratt scheme with the hypotheses of
adopting pinned joints (hinges) and nodal forces (Fig. 2). This condition
allows only axial forces within the truss elements, which are easy to
compute. The axial force on the upper and lower elements can be
evaluated with the Ritter method, which balances the external forces
on the left side of the Ritter section 𝜎 with the inner forces of the truss
elements at the intersection with 𝜎. Indeed, the equilibrium of moments
at node 𝑚 and 𝑛 yields, respectively:

𝐴𝑢𝑝𝑝𝑒𝑟 = 𝑀𝑚∕𝑟𝑚 (1)

𝐴𝑙𝑜𝑤𝑒𝑟 = 𝑀𝑛∕𝑟𝑛 (2)

where 𝑀𝑚 and 𝑀𝑛 are the bending moments at the respective sections
of the equivalent beam. 𝐴𝑢𝑝𝑝𝑒𝑟 is compressed and 𝐴𝑙𝑜𝑤𝑒𝑟 is tensioned.

These values of the bending moment can be obtained from graphic
statics (Fig. 2 bottom) as 𝑀𝑚 = 𝐻 ⋅ 𝑦𝑚, where 𝑦𝑚 is the ordinate on the
form polygon (or funicular) at that specific section, and 𝐻 the focal
distance on the force polygon (Fig. 2 right). A scale factor is applied
to convert lengths into forces because, in graphic statics, force vectors
are drawn in a specified scale. So, the funicular loads on a beam in
equilibrium are equivalent to its bending moment plot. If the truss has
a constant height 𝑟𝑚, per element axial force 𝐴𝑖 is proportional to 𝑦𝑖.
Instead, if we aim at having a constant axial force on the beams, the
shape of the truss should align to the funicular of loads to have:

𝑟𝑖 = 𝑀𝑖∕𝑆̄ (3)

in which 𝑟𝑖 is the perpendicular distance to the main curve, 𝑆̄ is
the allowed axial force on the truss. The truss elements, which lie

Fig. 3. Graphic static analysis of a truss: continuous lines to indicate constant-force on
the (lower) added layer; dashed lines to indicate constant-force on the (upper) main
layer.
Source: Adapted from [60].

on the equivalent beam axis, or main curve, and are not modified,
are hereinafter defined as the ‘main layer’. While the other group of
elements to be shaped is the ‘additional layer’.

By convention, bending moments are drawn on the tensioned side
of the beam, so a double layer thus formed will have an additional
tensioned layer. The main layer, i.e., the equivalent beam, will be
compressed in a pure bending scenario. In our method, we solve the
equilibrium of the main layer, i.e., a network of beams (a grid shell),
to compute the bending plot directly.

Constant-force chords on a 2D truss. The truss in Fig. 3 is shaped as
the funicular or bending plot of Fig. 2 to have an additional tensioned
layer. The second key concept concerns the selection of the struts that
link the elements of the main (horizontal line) and the additional layer
(funicular). A truss with vertical struts presents a non-constant force on
the additional layer (and a constant force on the main layer), as it can
be observed from the polygon of forces in Fig. 3 where the segments
𝑔1, 𝑔2... 𝑔6 have different lengths (dashed lines). Conversely, if these
segments are forced to lie on a circle, the additional layer has a constant
force (continuous lines having the same lengths). Because of the duality
of form and forces, the shape of the truss must be altered to comply
with the new force directions and create inclined struts.

Extending these concepts to a generic grid of beams is not straight-
forward because the 3D nature of the problem provides a higher
number of degrees of freedom, so additional parameters are to be
examined, such as the arbitrariness of loads, shape, and grid tessel-
lation. These examples show the centrality of the concept of ‘chords’,
as chains of truss elements on which the bending plot or the funicular
varies smoothly, that we assume as the common ground of our method.
Firstly, we adopt regular quad meshes since they naturally form cross-
ing chains of edges on which chords can be built. Secondly, except
for singularities, every node is traversed by two orthogonal directions
that can efficiently catch bending moments. Thirdly, we can orient a
quad mesh to follow a predefined cross-field over an initial surface.
This strategy allows us to decouple the computation of continuous
orientation on the surface from its discretization into the final network.

4. Overview

Our bending-reinforced grid shell is generated as shown in Fig. 4.
The elements can be grouped into (i) a main network of beams, referred
to as the main layer, and (ii) an intersecting network of beam chords
linked to the main layer through struts, i.e., the additional layer. The
main layer lies on the desired surface and is similar to a grid shell: it
encloses a specific space and is equipped with panels. So, its primary
function is supporting in-plane loads. The additional layer has a mini-
mal visual impact and is designed to develop adequate bending strength
and stiffness in collaboration with the main layer. The reinforcement
has a variable height to bear out-of-plane loads efficiently. Note that



Computer-Aided Design 168 (2024) 103670

4

F. Laccone et al.

Fig. 4. Schematic closeup view of our structural system: main layer with rectangular
cross sections and ball joints; additional layer with struts and solid circular ‘chords’
beams. The main layer’s infills are equipped with panels.

the additional-layer chains can stay on both sides of the same surface
in our setup. Often, one chain can pass from one side to the other to
obtain, by design, always tensioned additional beams and compressed
struts.

As previously discussed in Section 1, both the connectivity and the
reinforcement distance from the main layer play a fundamental role in
determining static performance. Ideally, both aspects should be opti-
mized simultaneously. However, this leads to a complex combinatorial
problem that we simplify, dividing it into two separate steps. First, we
derive the orientation of the structural component in the continuous
settings, and then we optimize the resulting discretized structure. Al-
though shifting from a continuous surface to its beam discretization
might significantly change its physical behavior, this approach has
provided good results both in architectural geometry [21] and topology
optimization [52]. We successfully applied a similar strategy as follows.

Continuous analysis Given a dense triangular mesh representing the
input shell, we construct a volumetric representation by offset-
ting the mesh (see Fig. 5a). We use this solid model as input for
a FEM analysis. We extract the bending directions by analyzing
the variance of deformation between the top and bottom faces
of the solid elements of the shell.

Meshing We use the computed bending directions to generate a
smooth cross field [61], which is then used to orient and
size a quadrilateral mesh (see Fig. 5b). We improve the field
smoothness and define a filtering criterion that preserves the
field alignment of the mesh to the relevant bending directions.
The obtained mesh is converted into our main layer.

Initialization of the additional layer We initialize the additional
layer by replicating the main layer and relocating its vertices
to a different position, which depends on the amount and
orientation of the bending forces (see Fig. 5c), recomputed from
a linear static analysis.

Optimal elevation of the additional layer Having specified the con-
nectivity, we optimize the height of the additional layer (see
Fig. 5c). The distance from the main layer is modified to max-
imize the structural efficiency; in the optimal setup, the stress
due to bending would be constant in both layers.

Post processing The final step will modify the structure to facilitate
fabrication without invalidating the optimization process (see
the improved additional layer in Fig. 5d with respect to the
previous stage).

5. Method

5.1. Derive a field from a continuous thick shell analysis

At this stage, we consider the input surface as the mid-plane surface
of a continuous elastic thick shell. The FE linear analysis on this shell
returns the Cauchy stress tensor 𝑇 at each vertex of the triangula-
tion in three positions: at the mid-plane surface, on the top, and the
bottom face of the shell. For a tensor, the eigenvectors and eigen-
values represent the principal directions 𝑛𝑝 and the principal stresses
𝜎𝑝, respectively. The principal directions constitute an orthonormal
triplet. In particular, we are interested in the top and bottom tensors
(𝑇 (𝑡) and 𝑇 (𝑏), respectively) since they will be the place for extreme
stretching/shrinking as the shell is supposed to undergo all kinds of
internal forces, including bending and twisting. The mid-plane tensor
represents an average value and is not sufficiently representative of
our problem, as well as the bending tensor, computed under the plane
section’s hypothesis. Note that due to the linearity assumption, the
loading magnitude and material properties affect only the amplitude
of the stress field. The effect of a general uniformly-projected loading
and different material properties can be obtained by multiplying the
obtained stress by a scalar value.

The top and bottom principal triplets are not necessarily aligned to
the tangent plane of the surface, as is the case of funicular surfaces.
From these two triplets, we pinpoint the pairs of closest directions
and introduce a new reference frame ⟨𝑛0, 𝑛1, 𝑛2⟩ that is obtained by
normalizing the averaged directions of the pairs. The objective is to
have a common frame and to evaluate both top and bottom stresses
along the same directions (Fig. 6 left).

Excluding the direction that is close to the surface normal, i.e., 𝑛2,
we multiply both tensors by the directions 𝑛0 and 𝑛1 to compute
the amount of force at each mesh vertex going through the surface
orthogonal to these directions.

𝜎(𝑡)
𝑝

= 𝑇 (𝑡)
⋅ 𝑛𝑝 𝑝 = 0, 1 (4)

𝜎(𝑏)
𝑝

= 𝑇 (𝑏)
⋅ 𝑛𝑝 𝑝 = 0, 1 (5)

Even if the reference frame and the force along its directions are known,
we can still not determine if the material is shrinking or stretching
locally. So, we apply the sign of the associated eigenvalue to the stress
vectors, obtaining negative values for shrink and positive values for
stretch. The difference between the two values provides a measure of
the curvature as the differential of deformation on the upper and lower
surface of the shell. We assume that the eigenvalue sign computed in
the principal frame 𝑛𝑝 is preserved moving from a proper principal
triplet to the reference frame 𝑛̄𝑝. This value has been divided by Young’s
modulus 𝐸 to obtain a strain value since the strain is 𝜖 = 𝜎∕𝐸 in the
linear theory of elasticity.

𝜖(𝑡)
𝑝

= 𝑠𝑖𝑔𝑛(𝜎(𝑡)
𝑝
) ⋅

1

𝐸
⋅ ‖𝜎(𝑡)

𝑝
‖ 𝑝 = 0, 1 (6)

𝜖(𝑏)
𝑝

= 𝑠𝑖𝑔𝑛(𝜎(𝑏)
𝑝
) ⋅

1

𝐸
⋅ ‖𝜎(𝑏)

𝑝
‖ 𝑝 = 0, 1 (7)

To quantify the curvature of the deformed shell around the axis 𝑛0 and
𝑛1, we compute the relative deformation of the top and bottom surface
as in Fig. 6 (right) using the strains:

𝛼𝑝 = 𝑎𝑡𝑎𝑛

(
(𝜖

(𝑡)
𝑝 + 1) − (𝜖

(𝑏)
𝑝 + 1)

𝑡

)
𝑝 = 0, 1 (8)

where 𝑡 is the shell thickness. Since strain can be positive or negative,
the value 1 is added to obtain only positive values. Using the angles 𝛼𝑖
it is possible to evaluate the curvature (as the inverse of the radius) in
the 𝑝th direction as:

𝐾𝑝 =
1

𝑅
=

𝑡𝑎𝑛(𝛼𝑖)

𝜖𝑖
𝑖 = 0, 1 (9)
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Fig. 5. Pipeline for designing reinforced grid shells: (a) thick shell (with triangle prisms); (b) cross field-aligned quad mesh; (c) initialization and optimization; (d) post-processing
(e.g. smoothing of kinky lines in the additional layer).

Fig. 6. Principal directions on top (𝑡) and bottom (𝑏) faces and the reference frame
at the mid-plane used as directions of the field (left); computing the curvature as
magnitudes of the field (right).

where:

𝜖𝑝 =
(𝜖

(𝑡)
𝑝 + 𝜖

(𝑏)
𝑝 )

2
+ 1𝑝 = 0, 1 (10)

For each vertex of the original triangulation, the field is given by the
orthogonal vectors 𝑑0 = 𝑛0 ⋅ 𝐾0 and 𝑑1 = 𝑛1 ⋅ 𝐾1 (where 𝐾𝑝 = |𝑑𝑝|).
We denote this field as tsf (thick shell field). We also test our method
with different input fields adopted in other state-of-the-art works: the
bending field computed on the surface using the thin shell theory (bend)
and the curvature field (curv).

5.2. Quad meshing and chords structure

The above procedure yields a pair of orthogonal directions 𝑑0 and
𝑑1 for each triangle node of the input surface, creating a cross-field.
Their norms |𝑑0| and |𝑑1| indicate the amount of bending along such
directions. We discretize the field to form a quadrilateral mesh, which
will determine the structure of the main and the additional layer. In
the general case, the cross-field can be somewhat irregular, and it
must be smoothed to serve as a guide for generating a semi-regular
quadrilateral mesh. Ideally, the smoothing process should preserve the
original directions in high-intensity areas. At the same time, if the two
norms |𝑑0| and |𝑑1| are equivalent, there is no preferred direction,
i.e., the shape equally bends in all directions. Hence, there is no need to
preserve any direction in those areas, and we can smooth out the field
globally. We first limit the norms of |𝑑0| and |𝑑1| to the 10% higher
percentile of the entire norms distribution. This procedure distributes
the field importance evenly over the surface and reduces the sensitivity
to some high peaks. Then, we quantify the importance of a field using
its anisotropy 𝐴 expressed as:

𝐴 =
𝑚𝑎𝑥(|𝑑0|, |𝑑1|)
𝑚𝑖𝑛(|𝑑0|, |𝑑1|)

(11)

We also filter out the non-relevant direction pairs whose 𝑚𝑎𝑥(|𝑑0|, |𝑑1|)
is below a specified threshold (i.e., bending is negligible). To smooth

the field on the surface, we use the cross-field constrained optimization
of [62] implemented in the library Directional [63]. In this opti-
mization, each direction pair is associated with an importance weight
proportional to its anisotropy. Additionally, to avoid degenerate ele-
ments at the border, we constrain the field to be orthogonal to the
boundary on each face having a boundary edge. Eventually, we extract
a quad mesh  = [𝑉 ,𝐸] from the smoothed cross-field using the
approach [64]. We label its vertices 𝑣𝑖 ∈ 𝑉 and its edges 𝑒𝑗 ∈ 𝐸. We
show an example of field processing and quad mesh extraction in Fig. 7.

We group chains of consecutive edges into chords. Chords can start
at a boundary vertex and terminate at another boundary or an internal
irregular vertex, or they can create inner loops. The chords are the basic
data structure to assemble the additional layer: each chain of the main
layer is duplicated and connected vertex by vertex. We refer to the
chords of the additional layer as 𝑐𝑘 ∈ 𝐶. Each chord has vertices 𝑣′

𝑖
∈

𝑉 ′, where the apostrophe denotes the correspondence to 𝑣𝑖. Similarly,
the edges in the additional layer are marked as 𝑒′

𝑗
∈ 𝐸′ for a given

chord. The struts 𝑒𝑠 ∈ 𝐸𝑠 link a 𝑣𝑖 vertex to one or more 𝑣′
𝑖
vertices

since multiple chords can be connected to a main layer vertex.

5.3. Initialization of the grid

We shift from a continuum to a discrete domain in the meshing step.
We assume the quad mesh to be invariant during the assembly of the
reinforced grid shell, and we move only the vertices of the additional
layer. We base the shaping of the additional layer on the linear FE
analysis of the main layer (i.e., the grid shell assembled from the quad
mesh).

Main layer analysis
As a first step, we model the main layer  as a grid shell starting

from the field-aligned quad mesh. In our formulation, a grid shell is
a network of beam elements (mesh edges 𝑒𝑗) merging into structural
nodes (mesh vertices 𝑣𝑖). The mesh faces are employed only to compute
the incident weight on the nodes. Each edge is converted into a 2-node
Euler–Bernoulli beam with uniform linear elastic isotropic material and
six degrees of freedom per node (three translations and three rotations).
Internally, the beams are connected mutually with rigid nodes, meaning
that all incident beams share the same global displacement per node
and cannot deform or rotate independently. We solve for the nodal
displacements vector 𝑢 to find the equilibrium under the hypotheses
of linear static analysis, i.e., using the small displacement theory:

𝐾 ⋅ 𝑢 = 𝑓 (12)

In which 𝐾 is the global stiffness matrix, and 𝑓 is the vector of
nodal forces. Any load, i.e., permanent load, has to be input in 𝑓 . By
default, we include in 𝑓 the lumped weight of the structural and non-
structural components. From 𝑢, we compute the internal beam forces
(six quantities per endpoint): axial 𝐴, shear 𝑆2, 𝑆3, bending 𝑀2, 𝑀3,
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Fig. 7. Quad mesh pipeline: (a) initial cross-field (b) the anisotropy value; (c) cross-field resulting from the smoothing process; (d) final quadrangulation with chords highlighted.

Fig. 8. Main layer’s beam network with local reference system.

torque 𝑇 forces. These internal forces are referenced to the local frame
⟨𝑡1, 𝑡2, 𝑡3⟩ of Fig. 8, in which 𝑡1 is the beam axis direction, 𝑡2 is aligned
with the edge normal, and 𝑡3 their cross product. We adopted standard
sign conventions, e.g., positive bending for sagging and negative for
hogging. A 2-node beam is a relatively coarse finite element; however,
this discretization is accurate enough for beams submitted uniquely to
nodal loads. Most importantly, we are interested only in the internal
force values at the beams’ endpoints, where the main layer is connected
to the reinforcement.

Assembly of the starting additional layer
The reinforced grid shell  = [𝑉 ∪ 𝑉 ′, 𝐸 ∪ 𝐸′ ∪ 𝐸𝑠] is created

sequentially, adding chords (vertices and edges) to the original mesh
. The new chains of edges are obtained by duplicating the main layer
beam chords. Then, each vertex of the new chord 𝑣′

𝑖
∈ 𝑉 ′ is connected

to its dual on the original layer 𝑣𝑖 ∈ 𝑉 using a new edge 𝑒𝑠 ∈ 𝐸𝑠

that will serve as a strut in the assembled structure. As a result, in the
general case where multiple chords cross a vertex 𝑣𝑖, a distinct strut is
created for each chord with a starting point in 𝑣𝑖.

This per-chord shaping of the additional layer is a paramount point
in this work because, due to the complexity of the optimization and
multiple degrees of freedom of the system, it allows us to restrict the
number of variables. Indeed, in the optimization, we consider the chord
shape as given and vary only its amplitude. Thus, a good initialization
will limit the optimization problem to a smaller domain and speed up
the computation.

We shape the struts adopting a per-chord logic according to two
components: a first one, inspired by the 2D concepts in Section 3
and targeted on bending moment 𝑀3, a second one, considering the
joint presence of an in-plane bending 𝑀2. In this shaping process, we
keep the  structure fixed, except for the nodal coordinates of vertices
𝑣′
𝑖
∈ 𝑉 ′, which are the only degrees of freedom.

First component. As a first step, we retrieve the bending 𝑀3 at the
endpoints of each beam of . For each vertex 𝑣𝑖 on a chord, we
compute the target distance of the two layers, namely the length of
the strut 𝑒′′ = (𝑣𝑖, 𝑣

′
𝑖
), similarly to Eq. (3), as:

𝐿𝑠 =
𝑀 𝑖

3

𝑆̄
=

1

2

𝑀
(𝑠)

3
+𝑀

(𝑒)

3

𝑆̄
(13)

In which the bending 𝑀 𝑖
3
at node 𝑣𝑖 is computed as the average of the

endpoint bending of the pair of incident beams, i.e., start (𝑠) and end

Fig. 9. Direction of the struts for a constant force on the chord: on top, node
equilibrium for the first node of the truss of Fig. 3; on bottom, alignment of the
strut with respect to 𝑀3 bending moment (first component), and polygon of forces
in equilibrium at node 𝑣′

𝑖
. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

(𝑒). The allowed axial force is assumed as 𝑆̄ = 𝐴𝑠 ⋅ 𝑓𝑘∕𝛾, where 𝐴𝑠 is
the cross-section area of the new layer, 𝑓𝑘 is the characteristic material
strength and 𝛾 is a safety factor. In our experiments we assume 𝛾 = 3.

In 2D graphic statics, a constant-force additional layer corresponds
to a circular arrangement of the vectors in the force polygon (Fig. 3).
The equilibrium at each node on the additional chord is the closed
polygon in Fig. 9, in which, for 1 g and 2 g to be equal, the direction
of the strut force is orthogonal to their difference.

On our main layer, we first compute, for each edge on a chord,
the bending diagram of 𝑀3, which we draw on the plane 𝑡3 = 𝑡1 × 𝑡2.
For a 2-node beam type, the diagram is a line between two endpoint
values, having a direction 𝑠𝑗 (blue plot in Fig. 9).Since all 𝑠𝑗 are unit
vectors, they can represent the constant-force vectors we aim to have on
the additional chord. Then, for every node on a chord 𝑣𝑖, we compute
the normalized average direction 𝑠𝑖 of the incident pair of 𝑠𝑗 ; and we
project the per-vertex normal 𝑛𝑖 to be orthogonal to 𝑠𝑖, yielding 𝑛𝑖 and a
redefinition of the struts as 𝐿𝑠 ⋅ 𝑛̂𝑖. This computation takes place on the
plane spanned by 𝑛𝑖 and 𝑠𝑖, which represents a mean𝑀 𝑖

3
plane. In a 3D

configuration, this is a crucial step since correctly aligning the resulting
force on the additional chord with the strut’s directions avoids extra
bending and reduces the chances of instability. Note that, if using the
per-vertex normal (dashed lines in Fig. 9), the polygon of forces would
not be closed (so bending forces are required for equilibrium).

Second component. In a bending-dominated grid shell, the beams un-
dergo various 3D bending stress combining 𝑇 , 𝑀2, and 𝑀3. In our
problem, torsion 𝑇 on the main layer is either negligible because
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loads are applied only at the nodes or will be significantly reduced by
delivering properly-shaped reinforcements in the orthogonal direction.
However, considering only the out-of-plane bending 𝑀3 in shaping
the additional layer (as in ) is insufficient. Therefore, for each beam
endpoint, we consider a per-chord biaxial bending out of 𝑀2 and 𝑀3.

We place the struts relying on some basic solid mechanics ideas.
In the 2D examples in Section 3, the load plane (including forces and
reactions) is aligned with the principal axes of the cross-section ⟨𝜉, 𝜂⟩
so that the load axis 𝑠 is always orthogonal to the neutral axis of
the beam 𝑛 for each beam section. The load axis is the trace of the
load plane, namely the intersection of the plane orthogonal to the
bending moment direction and the plane through the cross-section.
The neutral axis highlights a line of zero stress due to bending on the
cross-section: the remaining parts of the cross-section either shrink or
elongate. Consequently, the beam bends in the direction of loads, i.e., in
the load plane. In this setup, if the additional layer lies on the load
plane, it does not exert any other bending force.

In 3D, if an oblique bending moment 𝑀 = 𝑀2 + 𝑀3 is acting
(Fig. 10), the neutral axis 𝑛 is rotated and does not coincide with a
principal axis. Except for special cases (e.g., circular cross sections), the
load axis 𝑠 is no longer orthogonal to the neutral axis. Consequently, the
beam does not deflect in the loading direction but along the deflection
plane. In light of this 3D phenomenon, our idea is to arrange the struts
on the deflection plane, thus realizing a more efficient reinforcement
layer. To compute the trace of the deflection plane 𝑓 , we recall the
property of 𝑠 and 𝑛 to be conjugate axes. Therefore, the following
relation holds:

𝑡𝑎𝑛𝛽 = −
𝑀3

𝑀2

⋅
𝐼2

𝐼3
(14)

The angle 𝛽 is evaluated between 𝑡2 and 𝑓 . As defined in , the struts lie
on the plane orthogonal to 𝑡3. So, a 𝛽 rotation will move them on the
deflection plane. Given a chord of the main layer, we compute the 𝛽𝑖
for each 𝑣𝑖 vertex of the chord as the average 𝛽 computed at endpoints
of the pair of incident beams. Then, we rotate 𝑛𝑖 around the average of
𝑡1 vectors of pairs, yielding 𝑛𝑖.

Exceptions are the points that lie on the border and on which
boundary conditions are applied. Hence, for design reasons, we do
not adopt 𝑛𝑖 directions on those points but only 𝑛𝑖 because it is more
common for external bodies providing restraints (walls, beams, ground)
to be aligned to the principal axes of the boundary beams. Therefore,
for each 𝑣𝑖 the struts evaluate:

−𝐿𝑠 ⋅ 𝑛𝑖 at the boundary nodes (15)

−𝐿𝑠 ⋅ 𝑛𝑖 otherwise (16)

The entire formulation is based on the frame in Fig. 8 and standard
force sign convention. Therefore, aiming to have an additional layer
with tensioned chords and compressed struts, a negative sign must be
added to generate the element on the right side of the surface. The new
elements of the mesh (chords and struts) are converted into structural
2-node beams for the main layer.

5.4. Optimization

Given an input quad-dominant mesh  and the accompanying set
of chords, we seek an optimal reinforced grid shell that minimizes the
compliance of the structure or total strain energy  for a given design
load. In this problem, we assume the per-chord height multipliers 𝑥𝑘
as variables, namely a vector of scalar values. Each scalar can scale the
strut lengths 𝐿𝑠 independently per chord.

For generality, some parameters 𝑝̄ are constant throughout the
routine, such as the cross section characteristics of the main and the
additional layer, which the designer inputs. Thus, the problem can
work for any input structure. Similarly, the struts’ cross section is pre-
selected for having stiff elements to deform as little as possible and
withstand likely buckling phenomena. The choice of not refining by

Fig. 10. Oblique bending on a generic beam: computation of the deflection plane, its
trace on the cross section 𝑓 and its angular distance 𝛽 from the axis 𝑡2. The struts of
our additional layer are rotated to lie on the deflection plane.

sizing the structure does not prevent strength issues that it may still
exhibit even after the optimization, but it reflects the usual practice
in which custom actions may be undertaken to fulfill local strength
demands. Once the solution is initialized as per Section 5.3, we solve
the following bounded minimization problem.

min
𝑥𝑘

((𝑝̄), 𝑥𝑘) (17)

s.t. 𝑥𝑚𝑖𝑛 ≤ 𝑥𝑘 ≤ 𝑥𝑚𝑎𝑥 (18)

The equilibrium of the structure:

𝐾(𝑝̄, 𝑥𝑘) ⋅ 𝑢 = 𝑓 (19)

is inherently guaranteed at each iteration as it is required to compute
the strain energy:

 =
1

2 ∫
𝐴2

𝐸𝐴
+

𝑆2
2

𝐺𝐴
+

𝑆2
3

𝐺𝐴
+

𝑀2
3

𝐸𝐼3
+

𝑀2
2

𝐸𝐼2
+

𝑇 2

𝐺𝐽
𝑑𝑥 (20)

=
1

2

∑

𝑗

∑

𝑜

𝓁𝑞

2

[
𝐴2
𝑜𝑞

𝐸𝐴
+

𝑆2
2,𝑜𝑞

𝐺𝐴
+

𝑆2
3,𝑜𝑞

𝐺𝐴
+

𝑀2
3,𝑜𝑞

𝐸𝐼3
+

𝑀2
2,𝑜𝑞

𝐸𝐼2
+

𝑇 2
𝑜𝑞

𝐺𝐽

]
(21)

The general formulation of the strain energy over the total length of
the beams  =

∑
𝑞 𝓁𝑞 (Eq. (20)) can be simplified for 2-node beams

in Eq. (21), in which the internal forces are computed only at the
endpoints 𝑜 ∈ {𝑠𝑡𝑎𝑟𝑡, 𝑒𝑛𝑑}. Accordingly, for each beam 𝑞 (where 𝑞

includes all beams of our structures), the discretized strain energy is
constant over the half-length of the beam.

In Eq. (19), the nodal force vector 𝑓 = 𝑓𝑒𝑥𝑡 + 𝑓 (𝑝̄, 𝑥𝑘) is composed
of a fixed component 𝑓𝑒𝑥𝑡 due to the load applied on the nodes of the
main layer (i.e. cladding, snow, wind), and of a variable component
that includes the own weight of the structural elements and is updated
at each step based on the variables state.

We adopt filtering criteria during the optimization to integrate
some basic user-defined preferences: the out-of-plane height can be
constrained not to exceed (i) a maximum value 𝐿𝑠,𝑚𝑎𝑥; and (ii) a
minimum value 𝐿𝑠,𝑚𝑖𝑛. In practice, 𝐿𝑠,𝑚𝑎𝑥 defines the maximum size of
the structure, considering that the struts can span on the inside, where
the essential functions of the grid shell should not be hindered, or on
the outside, where the surrounding context may pose other constraints.
If 𝐿𝑠,𝑚𝑎𝑥 is defined by the user, the 𝑥𝑚𝑎𝑥 is scaled to allow the struts to
reach 𝐿𝑠,𝑚𝑎𝑥 length at most.

The value 𝐿𝑠,𝑚𝑖𝑛 defines the size of the smallest fabricable node
equipped with a strut. The strut is required to have a minimal height
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Fig. 11. Geometric torsion 𝜔 in a grid shell (on top), in our case (on bottom). Vectors
have different lengths only for visualization purposes but are all unitary.

Fig. 12. Example of two crossing chords jointed on a single strut.

to avoid intersecting volumes (keep the beams separated). The value
of 𝐿𝑠,𝑚𝑖𝑛 is user-defined as it depends on the chosen node detail and
fabrication technology. Struts shorter than 𝐿𝑠,𝑚𝑖𝑛 are removed, and
their endpoints are collapsed on the main layer. Beam elements of the
additional layer that are delimited by two collapsed struts are removed
as well, leaving only the beam of the main layer. The 𝐿𝑠,𝑚𝑖𝑛 filtering
applies at each optimization step.

5.5. Post-processing

Once the variables 𝑥𝑘 have been optimized, local refinement steps
are applied in a post-processing stage. The refinements are either
structural to improve the flow of forces locally or practical, avoiding
intersecting elements or considering their manufacturing.

Reducing geometric torsion
Beams are oriented elements, so they respond differently if the plane

of loading changes. The principal axes of inertia describe this attitude.

Fig. 13. Filtering cases to avoid intersections between the two layers, with the collapse
of the shortest strut.

In a free-form grid shell, to obtain the maximum stiffness of the beams,
it is common practice to orient the beam (principal) axes to lie on the
edge frames [65], i.e. perpendicular to the shell surface (Fig. 11 top).
In the general case, this configuration induces twist 𝜔 of the beams in
the node, whose magnitude depends locally on the grid connectivity
and size, and on the surface curvature. Consequently, beams pay extra
stress, and nodes with geometric torsion result in larger and more
expensive details (p.208 [66]). Torsion-free nodes (𝜔 = 0 for every
incident beam) are obtained only in special cases, like in PQ meshes
and conical meshes [67] or PP meshes [39]. Reducing geometric torsion
positively influences aesthetics, load-bearing characteristics and costs.

In our case, we assemble a composite cross section made of the
main-layer beam and the additional-layer beam. Both beams are
straight and show their own geometric torsion to the mesh. However,
by design, the struts can have any direction, so the composite profile
could be highly twisted, becoming the primary source of torsion. It can
be observed from the parallel axis theorem that, locally, the larger the
strut length 𝐿𝑠, the more the principal axes of the composed beam tend
to align to the plane through the struts. Consequently, the more the
geometric torsion of the composite profile will be the main issue.

Referring to Fig. 11 (bottom), we define a local per-chord iterative
optimization to move the struts directions 𝑛̌𝑖 to minimize the geometric
torsion. For each vertex on a chord 𝑣𝑖 (excluding boundary nodes), we
compute the interpolating plane 𝜇 through the struts 𝑛̌𝑖−1 and 𝑛̌𝑖+1, on
which we project the 𝑛̌𝑖 vector. The obtained vector 𝑛̌

(𝑝)
𝑖
is the direction

that locally minimizes the geometric torsion on the chord. At each
optimization step 𝑡, we derive the new strut direction as a weighted
sum:

𝑛̌
(𝑡)
𝑖

= 𝑤1 ⋅ 𝑛̌𝑖 + (1 −𝑤1) ⋅ 𝑛̌
(𝑝)
𝑖

(22)

in which 𝑤1 = 1 for 𝐿𝑠 ≤ 𝐿𝑚𝑖𝑛 and decrease linearly to 0 for a fixed
𝐿𝑚𝑎𝑥. Please note that these limitations differ from the 𝐿𝑠,𝑚𝑎𝑥 and 𝐿𝑠,𝑚𝑖𝑛

used for computing the weight 𝑤1. The 𝐿𝑚𝑖𝑛 value defines the threshold
below which optimizing for the composite cross section is pointless
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Fig. 14. Results of our method on different models with a multi-parameter setup (tsf field), from top left: Arch, Dolphin, Envelope, Flower, Hall, Hangar, Manta, Roof.

since the single beams have a predominant inertia contribution. The
𝐿𝑚𝑎𝑥 value determines the speed of this ‘smoothing’ step: if reasonably
high, the algorithm safely reaches convergence without distorting the
grid. The optimization is stopped once the maximum move is below a
threshold.

In all our examples, we adopt a solid circular cross section for the
additional layer beams because of two reasons: first, it is an ideal cross
section for elements such as the additional beams that are supposed to
bear a prevalent axial force in tension; second, all axes in these beams
are principal of inertia, so these beams merge locally into torsion-free
nodes. As a consequence, the chords of the additional layer will not
have geometric torsion.

Aligning per-node struts directions
A typical scenario for our vertex 𝑣𝑖 is to be a starting node of ℎ

distinct struts for ℎ crossing chords (mostly ℎ = 2). While it might be
optimal for the global statics of the structure, such nodes are practically
unfeasible. The reason is that the elements have a determined size,
so close struts usually have intersecting volumes. Therefore, in the
post-processing stage, all struts incident to a node are aligned on a
weighted average direction, in which longer struts weigh more. From a
manufacturing perspective, this implies the creation of multiple joints
along the strut if two or more chords lie on the same side of the original
surface as in Fig. 12.

Beams’ intersection filtering
The most intriguing feature of this method is the positioning of

the additional layer inward or outward on the main surface. Practical
issues arise where the struts at the endpoints of a general edge of the
main layer have opposite directions with respect to the main surface, or
both are shorter than 𝐿𝑠,𝑚𝑖𝑛. In these cases, intersections or a complete

overlap occur between additional and main layer beams. We identify
the recurring cases shown in dashed lines in Fig. 13, in which we apply
corrective actions represented as continuous lines.

6. Implementation details and dataset

We implemented a software pipeline for the proposed method.
The input shell surfaces are imported into the FEM package [68] and
discretized into triangular plates with uniform thickness and material
properties. Each model employs a linear elastic isotropic material with
the characteristics of structural steel (Young’s modulus 𝐸 = 210 GPa;
Poisson ratio 𝜈 = 0.3) and a sufficiently-large thickness 𝑡 = 0.2 m. Any
material could be used since, for linearity, the stress is proportional.
The models can have any boundary condition, i.e., pin-supported (all
translations fixed) or fully-restrained (all translations and all rotations
fixed) nodes. The own weight of the structure simulates a uniformly
distributed load, and its effect is again linear.

The field derivation is implemented with Matlab, while all other
steps (field processing, quad meshing, grid generation, optimization
and post-processing) are implemented in C++. For the quad meshing,
we used the approach in [64] as it allows more precise local control
of edge flow than patch-based methods [69]. The actual optimization
(Section 5.4) is performed using the NLopt library [70] using the
derivative-free algorithm Subplex [71]. To comply with the chosen
optimization strategy, we employ a simulation-in-the-loop approach,
computing a full linear static simulation of the reinforced grid shell
(obtained as a function of the optimization variables) for each objective
function evaluation requested by the algorithm. Given the complex
relation between the optimization variables and the objective function,
the optimization space is highly non-convex and presents many dif-
ferent local minima. To increase the chances of reaching the global
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Fig. 15. Results of our method on different models with a multi-parameter setup (tsf field), from top left: Rust, Shell1, Shell2, Taut, TriSlab, Vault, Wave, Yarn.

optimum, we adopt a two-step optimization strategy: in the first run,
we optimize for a single variable and assign it to the 𝑥𝑘 for all chords;
in the second step, we use it as a starting point the optimum found in
the first run and optimize for all variables 𝑥𝑘 independently.

User inputs are material and cross-section parameters for the main
layer and the additional layer (𝑝̄), the load scenario, the bounds of
the optimization variables, and the post-processing manufacturing lim-
itations. By default, the upper bound of the height multiplier 𝑥𝑚𝑎𝑥 is
controlled by the 𝐿𝑠,𝑚𝑎𝑥 = 5 m, which is the value used in all our
experiments.

We tested our method on a dataset of large-spanned shells (Figs. 14,
15) that exhibit different bending behavior. Some statistics are reported
in Tables 1 and 2. A large subset of the tested examples is not stiff
enough to support the load as grid shells with regular cross-sections.
These examples are marked in red as they are unfeasible. Instead, some
examples are similar to a proper funicular shell, so they are stiffer.
We used as an external load 𝑓𝑒𝑥𝑡 a uniform distribution of 2 kN∕m2 in
the gravity direction, representing a typical service load including non-
structural load (e.g., cladding) and environmental load (e.g., snow). We
distribute it among the main layer nodes in proportion to their Voronoi
area. All elements are made of structural steel, their own weight is
computed from a material density of 𝜌 = 78.5 kN∕m3. The cross-section
of the elements is circular hollow sections of 0.2 m external diameter
and 0.025 m thickness for the main beams; solid circular sections of
0.1 m diameter for the added layer; solid circular sections 0.15 m
diameter for the struts. For convenience, we have run our experiments
in parallel on a server machine equipped with an AMD Epyc 7413
processor and 128 GB RAM. However, the performances for a single
model are comparable to the ones obtained on an Apple laptop with
an M1 processor. The optimization is the most demanding computation
within our pipeline, which takes 5 min to 7 h, depending on the grid
shell complexity. For each tested case, we compare the values of the
objective function, i.e., the strain energy: (i)  obtained from the

main layer analysis as a grid shell built upon the quad mesh; (ii)
0 obtained from the initialized reinforced grid shell; and (iii) 𝑜𝑝𝑡

obtained from the optimized reinforced grid shell.

7. Results and discussion

We validate our method on different levels. First, we run the full
algorithm in a multi-chord setup, obtaining 𝑜𝑝𝑡, and we discuss the
advantages of our strategy in comparison with the un-reinforced grid
shell. In one scenario, we adopt a grid shell with the same topology
and uniform cross section, corresponding to our structures’ main layer.
Then, in another scenario, we submit those un-reinforced grid shells
to a cross section optimization targeting a similar stiffness achieved by
our structures.

Second, we test our method using different input fields: tsf that is
specifically developed for our method; curvature field curv, and bending
field from the thin shell theory bend, which have been used in other
works on reinforced structures. For all these cases, the quadrangulation
is performed as per Section 5.2 to have quad meshes with the same
total edge length, meaning to employ the same amount of structural
material on the main layer. To make the comparison fair, we optimize
for a unique multiplier 𝑥𝑘 for all chords, obtaining  ′𝑜𝑝𝑡

.
Third, we discuss the strategies adopted in our pipeline and test

the accuracy of our results with those obtained with a commercial
nonlinear solver.

7.1. Comparison with grid shells

We compare our reinforced grid shells and the corresponding un-
reinforced grid shells. As a first experimental scenario, we adopt the
same grid topology and the same uniform cross section. Table 3 shows
that, in all cases, although our structures are heavier than grid shells
due to the added structural material of the new layer, their performance
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Table 1
Results of our method on different models in a single parameter setup: model name (see Figs. 14, 15); size of the axis aligned bounding box in meters; fields adopted to generate
the quad mesh (bend, curv, tsf ); number of vertices 𝑖; number of edges 𝑗; number of chords 𝑘; total length of the beams 𝑗 =

∑
𝑗 𝓁𝑗 of the main layer ; total strain energy of

the simple grid shell , of the reinforced grid shell before 0 and after the optimization  ′𝑜𝑝𝑡
; energy reduction; optimization time. Red values denote insufficient stiffness.

Model Size Field 𝑖 𝑗 𝑘 𝑗  0 Cut  ′𝑜𝑝𝑡
Cut Time

(m × m × m) (kJ) (kJ) (%) (kJ) (%) (s)

Arch 59.64 × 40.00 × 15.88

bend 943 1822 60 3303.3 15 359.4 290.4 98.1 254.8 12.3 6.6
curv 943 1822 60 3303.3 15 356.8 290.3 98.1 254.2 12.4 6.6
tsf 943 1822 60 3303.4 15365.0 275.9 98.2 211.2 23.5 15.5

Dolphin 75.76 × 53.24 × 25.23

bend 545 1038 49 2578.1 4192.9 768.5 81.7 120.3 84.4 8.2
curv 561 1070 51 2620.2 3022.3 1054.4 65.1 273.7 74.0 6.5
tsf 527 1002 67 2549.6 2829.6 2475.4 12.5 277.2 88.8 5.9

Envelope 57.06 × 55.71 × 20.24

bend 681 1306 52 2865.9 29587.1 528.7 98.2 132.0 75.0 9.9
curv 622 1192 60 2793.1 29950.9 296.2 99.0 183.9 37.9 9.6
tsf 610 1172 71 2743.6 38343.8 451.9 98.8 161.9 64.2 13.3

Flower 32.11 × 34.49 × 23.21

bend 947 1850 61 2438.3 3182.1 1055.9 66.8 361.2 65.8 14.9
curv 944 1840 69 2413.7 3384.6 1244.0 63.2 225.9 81.8 15.6
tsf 1020 1989 70 2506.0 4499.4 928.1 79.4 129.6 86.0 19.3

Hall 39.74 × 38.58 × 13.54

bend 868 1684 61 2351.8 3443.3 51.0 98.5 40.9 19.8 10.3
curv 858 1665 56 2345.6 2938.7 66.6 97.7 34.0 49.0 9.1
tsf 848 1645 56 2334.7 2544.0 308.8 87.9 23.1 92.5 12.5

Hangar 78.28 × 83.28 × 35.36

bend 704 1353 59 4469.9 338833.7 6768.9 98.0 1358.7 79.9 19.3
curv 694 1341 50 4419.8 307870.3 3168.1 99.0 1828.1 42.3 9.2
tsf 676 1297 72 4387.8 382361.2 2662.2 99.3 1812.1 31.9 12.2

Manta 68.38 × 84.92 × 28.44

bend 536 1032 39 3221.1 82330.3 5154.1 93.7 2311.6 55.2 11.3
curv 501 965 41 3171.7 154422.4 8165.5 94.7 6317.4 22.6 7.8
tsf 506 966 61 3147.4 60714.5 4717.9 92.2 3677.4 22.1 7.5

Roof 29.75 × 43.90 × 8.51

bend 476 910 42 1376.4 140683.1 445.8 99.7 282.6 36.6 6.0
curv 490 941 42 1400.7 158445.5 254.2 99.8 316.9 −24.6 5.5
tsf 468 893 44 1359.0 129656.3 173.0 99.9 97.0 43.9 6.2

Rust 80.35 × 58.08 × 19.15

bend 576 1124 36 3303.9 2367.1 1545.8 34.7 276.9 82.1 11.5
curv 491 966 54 3105.3 1516.3 1383.9 8.7 550.8 60.2 7.0
tsf 615 1194 69 3378.4 1218.5 1133.1 7.0 156.1 86.2 6.6

Shell1 51.11 × 81.06 × 23.56

bend 687 1324 49 3557.6 1865.7 1721.9 7.7 335.4 80.5 5.9
curv 749 1449 62 3792.7 1829.1 1686.1 7.8 343.8 79.6 7.0
tsf 726 1398 76 3683.0 1078.5 915.5 15.1 198.1 78.4 8.5

Shell2 90.59 × 37.08 × 18.33

bend 372 703 41 1863.0 8724.4 4422.4 49.3 2431.0 45.0 2.4
curv 340 651 29 1828.0 11 635.8 2838.3 75.6 1589.2 44.0 4.8
tsf 379 707 61 1892.5 8997.4 4163.9 53.7 829.2 80.1 3.9

Taut 42.38 × 89.33 × 26.73

bend 481 915 48 2544.2 4415.3 2574.1 41.7 415.9 83.8 5.8
curv 499 954 48 2631.1 5939.9 3351.4 43.6 342.1 89.8 6.0
tsf 492 926 69 2571.8 4059.2 2532.7 37.6 466.5 81.6 5.0

TriSlab 80.17 × 69.54 × 0.50

bend 502 962 41 2550.0 1278111.1 42 475.3 96.7 41547.2 2.2 11.9
curv 491 937 54 2495.0 994623.5 7094.5 99.3 4036.1 43.1 11.0
tsf 452 853 64 2426.5 384656.6 19886.8 94.8 3211.2 83.9 5.8

Vault 42.75 × 23.32 × 12.37

bend 625 1200 46 1469.0 65.2 65.2 0.0 6.5 90.1 7.5
curv 575 1103 44 1410.8 66.4 66.4 0.0 7.2 89.1 4.7
tsf 619 1184 59 1467.9 49.4 49.4 0.0 4.6 90.7 7.9

Wave 43.44 × 44.01 × 6.05

bend 556 1074 43 1777.0 1411.2 1221.3 13.5 22.0 98.2 6.2
curv 616 1200 43 1863.6 1059.8 679.4 35.9 35.8 94.7 5.8
tsf 589 1138 46 1814.4 552.8 541.9 2.0 17.1 96.8 7.7

Yarn 51.28 × 71.53 × 26.18

bend 401 767 43 2207.1 76743.9 2020.1 97.4 1940.2 4.0 4.8
curv 442 841 44 2341.7 37716.4 2031.6 94.6 804.6 60.4 3.5
tsf 431 818 43 2344.0 47115.3 1483.3 96.9 352.1 76.3 7.3

is significantly better. The data neglects the volume of nodes that most
likely works against reinforced grid shells, having more nodes.

It must be pointed out that in most of the cases highlighted in red
in Tables 1, and 2 the objective function  shall not be considered
accurate since the structure undergoes large displacement, and the
linear solver produces non-realistic results. This phenomenon does not
invalidate our pipeline since the same outcome (from grid shell linear
analysis) initializes the additional layer geometry. Indeed, the linear
assumption allows us to scale these quantities and obtain proper sizing.
Red-highlighted structures are not stiff enough in the form of grid
shells. Thus, adopting a reinforced grid shell gives maximum benefit
as unfeasible shapes can be turned into robust structures (see  ′𝑜𝑝𝑡

in
Table 1 and 𝑑′𝑜𝑝𝑡

in Table 2). The other cases have good shape stiffness
as grid shell, yet the corresponding reinforced structure outperforms it.

As expected, the strut heights are smaller on average in these cases than
in the red-highlighted cases.

The efficiency of the solution lies in the better use of the axial
stiffness of the structural elements: in the grid shell, most of the strain
energy is caused by bending and shear, while if reinforced, the contri-
bution of axial prevails, as evidenced in Table 2. This outcome confirms
the capacity of our method to balance bending more efficiently through
axial forces, e.g., in the cases of Vault, the axial contribution on  is
39.5% while is close to 70% on 𝑜𝑝𝑡′ ; in the case of Shell1 it is 20.7%
and 58.7%, respectively. A comparison of maximum displacement (re-
ported in Table 2) provides a better understanding of the high stiffness
that all examples achieve after equipping them with an additional layer.
From a visual standpoint, the reinforced grid shells do not compromise
the aesthetics of the main surface, and the additional layer is barely
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Table 2
Results of our method on different models in a multiple parameter setup: model name (see Figs. 14, 15); fields adopted to generate the quad mesh (bend, curv, tsf ); total strain
energy on the optimized reinforced grid shell in single  ′𝑜𝑝𝑡

(from Table 1) and multi parameter setup 𝑜𝑝𝑡; reduction; optimization time; percentage of axial forces (first term in
Eq. (21)) in the strain energy for all setups 𝑎𝑥∕ ; maximum norm of the displacements in all setups 𝑑. Red values denote insufficient stiffness.

Model Field  ′𝑜𝑝𝑡
𝑜𝑝𝑡 Cut Time 𝑎𝑥∕  ′𝑎𝑥𝑜𝑝𝑡

∕ ′𝑜𝑝𝑡
𝑎𝑥𝑜𝑝𝑡

∕𝑜𝑝𝑡 𝑑 𝑑𝑜𝑝𝑡′ 𝑑𝑜𝑝𝑡

(kJ) (kJ) (%) (s) (%) (%) (%) (m) (m) (m)

Arch

bend 254.8 154.1 39.5 1847.4 0.8 60.2 55.4 3.30 0.10 0.09
curv 254.2 163.3 35.8 2878.0 0.8 60.1 53.3 3.30 0.10 0.05
tsf 211.2 141.6 32.9 2589.6 0.8 62.6 52.9 3.30 0.07 0.07

Dolphin

bend 120.3 94.9 21.1 5246.2 6.4 73.1 73.0 3.37 0.04 0.03
curv 273.7 218.5 20.2 630.4 9.9 52.5 56.7 2.44 0.15 0.10
tsf 277.2 176.1 36.5 4002.1 23.4 55.2 60.7 2.15 0.17 0.09

Envelope

bend 132.0 97.8 25.9 5289.0 2.7 47.1 52.3 15.70 0.13 0.10
curv 183.9 133.5 27.4 3709.4 2.6 48.8 52.6 16.13 0.07 0.04
tsf 161.9 113.3 30.0 7903.9 4.6 51.6 51.3 16.05 0.06 0.05

Flower

bend 361.2 115.8 67.9 11316.7 9.1 36.6 41.9 2.03 0.42 0.10
curv 225.9 96.7 57.2 12 348.1 6.5 45.3 43.4 2.60 0.34 0.14
tsf 129.6 74.1 42.9 27 163.1 8.7 39.9 44.0 2.76 0.11 0.06

Hall

bend 40.9 19.8 51.6 1518.2 2.8 34.2 44.8 1.91 0.03 0.01
curv 34.0 19.8 41.8 5831.8 4.3 35.3 38.7 1.66 0.02 0.02
tsf 23.1 13.2 43.1 8600.7 9.7 43.7 48.3 1.52 0.02 0.01

Hangar

bend 1358.7 1017.1 25.1 5495.3 0.9 52.9 56.6 71.96 0.18 0.20
curv 1828.1 1196.5 34.5 1193.7 0.5 34.8 40.6 64.79 1.01 0.31
tsf 1812.1 1174.8 35.2 7433.0 1.4 32.3 39.5 69.88 0.34 0.27

Manta

bend 2311.6 1418.4 38.6 458.1 3.6 45.5 43.4 18.07 1.13 0.64
curv 6317.4 4764.0 24.6 306.8 4.1 46.5 43.6 32.42 3.63 2.50
tsf 3677.4 2099.8 42.9 1484.7 9.2 43.0 38.1 13.97 1.78 1.07

Roof

bend 282.6 177.6 37.1 662.5 3.4 27.8 25.1 62.52 0.47 0.28
curv 316.9 254.1 19.8 351.1 2.9 31.9 34.2 65.49 0.50 0.39
tsf 97.0 88.6 8.7 394.9 2.9 32.7 30.2 60.00 0.13 0.13

Rust

bend 276.9 124.3 55.1 2055.1 7.6 66.1 65.9 0.64 0.09 0.04
curv 550.8 328.7 40.3 3777.4 41.9 64.6 62.7 0.32 0.15 0.14
tsf 156.1 82.3 47.3 5037.0 40.1 64.3 67.1 0.29 0.06 0.02

Shell1

bend 335.4 253.9 24.3 3569.8 8.3 39.3 42.5 1.07 0.14 0.09
curv 343.8 232.2 32.5 13 440.4 22.0 50.5 52.2 0.57 0.08 0.06
tsf 198.1 140.5 29.1 9430.5 20.7 58.7 66.3 0.68 0.06 0.05

Shell2

bend 2431.0 2030.7 16.5 301.4 6.6 34.6 36.7 2.61 1.50 1.25
curv 1589.2 1096.7 31.0 196.2 8.7 47.0 41.0 3.30 0.94 1.15
tsf 829.2 554.0 33.2 1327.2 9.0 42.6 42.5 2.52 0.43 0.25

Taut

bend 415.9 295.6 28.9 541.0 7.5 52.0 51.9 3.89 0.49 0.31
curv 342.1 297.6 13.0 864.8 6.5 57.7 56.4 4.37 0.26 0.22
tsf 466.5 326.5 30.0 3048.3 16.8 52.0 52.1 3.42 0.27 0.14

TriSlab

bend 41547.2 20 517.6 50.6 376.6 40.6 44.0 28.1 118.46 6.37 4.41
curv 4036.1 2975.9 26.3 812.2 36.8 29.4 31.7 99.88 1.27 1.25
tsf 3211.2 2422.3 24.6 441.7 76.1 27.5 31.0 39.36 1.41 1.10

Vault

bend 6.5 5.0 23.2 2005.1 12.6 53.4 60.4 0.07 0.01 0.01
curv 7.2 5.5 23.5 505.3 11.9 56.6 68.0 0.08 0.01 0.01
tsf 4.6 4.1 11.3 5365.3 39.6 69.7 68.7 0.06 0.01 0.01

Wave

bend 22.0 13.4 38.9 4290.1 9.0 48.1 55.9 0.49 0.01 0.01
curv 35.8 23.1 35.3 2943.6 21.7 40.6 48.5 0.38 0.02 0.01
tsf 17.1 11.2 34.8 1461.9 51.8 54.4 53.6 0.16 0.01 0.00

Yarn

bend 1940.2 1127.2 41.9 1822.4 3.8 28.8 33.7 22.60 1.45 0.38
curv 804.6 314.8 60.9 2132.3 3.7 33.1 36.4 13.90 0.69 0.15
tsf 352.1 273.9 22.2 797.1 3.9 53.6 47.2 18.82 0.35 0.17

visible from a distance. While from a closer perspective, it creates nice
effects going smoothly in and out of the surface (Fig. 16).

In the second experimental scenario, we optimize the cross sec-
tions of the grid shell adopted for comparison using the section op-
timizer tool of Karamba3D [72]. In this process, we target the max-
imum displacement of our structures (last column of Table 2) and
use the entire set of commercial EN10210-2 cross sections (from CHS
21.3 × 2.3 mm to 1219.0 × 25.0 mm). In cases with high bending (like
Dolphin, Envelope, Hall, Roof) the optimized grid shell requires large
cross sections with a consequent higher volume of steel with respect to
our solution 𝑉𝑜𝑝𝑡 (in Table 3). In such instances, the displacement goal
is not achieved because it would necessitate cross sections even bigger
than the maximum in the set. In some cases (like Vault, Wave), the

optimized grid shells and our reinforced grid shells have a comparable
volume. Elsewhere, the optimized grid shell is more efficient.

In the optimization results provided by Karamba3D, the resulting
cross sections are highly variable in many cases. All other factors
being equal, large joints are required to accommodate the connection
for diverse beams incident to a node. Furthermore, for diverse beams
around a face, the face (which is already non-planar beforehand) would
be additionally distorted, causing the loss of visual smoothness of the
surface at the seams or would require variable-height panel supports. A
key disadvantage of variating the cross section with respect to adding
a reinforcement layer is that the resulting volume of the optimized
cross sections obstructs the faces locally, limiting the transparency as
in Fig. 17. This effect can be visualized even in the most efficient grid
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Table 3
Volume of steel: reinforced grid shells with single 𝑉𝑜𝑝𝑡′ and multi parameter 𝑉𝑜𝑝𝑡 setup
(after post processing), corresponding grid shell having constant cross section 𝑉 (i.e.
main layer) and optimized cross section 𝑉𝑜𝑝𝑡 (using [72]).

Model Field 𝑉 𝑉𝑜𝑝𝑡 𝑉𝑜𝑝𝑡′ 𝑉𝑜𝑝𝑡

(m3) (m3) (m3) (m3)

Arch

bend 45.40 75.74 63.33 65.64
curv 45.40 93.01 63.33 65.36
tsf 45.40 65.64 67.30 67.21

Dolphin

bend 35.43 90.76 58.60 57.37
curv 36.01 63.69 45.74 46.92
tsf 35.04 46.52 52.11 52.63

Envelope

bend 39.39 183.88 61.82 61.50
curv 38.39 261.92 54.68 55.29
tsf 37.71 95.73 62.64 60.28

Flower

bend 33.51 31.46 41.80 52.97
curv 33.18 22.45 43.70 45.28
tsf 34.44 39.34 51.20 54.35

Hall

bend 32.32 220.54 38.15 38.64
curv 32.24 125.96 38.85 38.86
tsf 32.09 37.45 46.17 46.30

Hangar

bend 61.44 173.92 115.36 109.63
curv 60.75 84.51 113.43 104.83
tsf 60.31 84.28 98.98 95.85

Manta

bend 44.27 75.29 69.61 69.75
curv 43.59 64.31 68.55 68.30
tsf 43.26 62.08 63.91 63.70

Roof

bend 18.92 129.08 25.60 26.71
curv 19.25 104.21 28.37 28.90
tsf 18.68 127.43 37.62 34.92

Rust

bend 45.41 35.13 70.32 71.94
curv 42.68 29.24 57.93 58.28
tsf 46.43 32.66 66.65 66.10

Shell1

bend 48.90 27.23 58.82 58.87
curv 52.13 22.48 73.82 74.97
tsf 50.62 16.94 70.26 70.01

Shell2

bend 25.61 26.48 32.74 34.21
curv 25.13 22.66 38.19 40.13
tsf 26.01 25.66 37.30 38.55

Taut

bend 34.97 25.97 48.54 49.37
curv 36.16 26.95 59.84 59.10
tsf 35.35 40.41 52.81 53.01

TriSlab

bend 35.05 64.32 75.40 61.94
curv 34.29 63.22 70.84 69.09
tsf 33.35 65.30 62.47 58.12

Vault

bend 20.19 13.21 29.69 28.67
curv 19.39 24.65 25.54 25.43
tsf 20.18 21.50 30.77 30.21

Wave

bend 24.42 31.17 34.59 34.47
curv 25.61 16.43 33.33 33.37
tsf 24.94 35.17 42.34 42.16

Yarn

bend 30.34 27.91 46.06 46.75
curv 32.19 35.37 50.27 47.52
tsf 32.22 29.62 57.09 58.87

shells (Fig. 17a–c). Conversely, if the set of commercial cross sections
is bounded to a smaller maximum diameter, the optimized grid shell
becomes less efficient and/or cannot reach the desired stiffness.

7.2. Comparison of different input fields

The selection of the main grid is the first factor influencing the
reinforced solution since our formulation operates a discrete com-
binatorial problem. The shape of the main grid is invariant in our
optimization and determines the organization and connectivity of the
additional layer, as provided by input chords. Overall, our method can
consistently produce suitable structures for any input field (Fig. 18):
in every case, the performance of our structures is significantly better

Fig. 16. Closeup view on reinforced grid shells: from top, Flower, Hangar, TriSlab.

than their corresponding grid shells, as shown by comparing  and
 ′𝑜𝑝𝑡

values. Moreover, quad meshes produced as in Section 5.2 led to
similar reinforced structures regardless of the adopted field.

From a closer look, our field tsf provides better results as a minimal
 ′𝑜𝑝𝑡

is attained in most cases, while is not far from objective values
obtained with other fields. Our tsf field produces a much better solution
for bending-dominant surfaces akin to thick shells, such as some of the
red-highlighted rows of Table 1.

Sometimes, the solution is governed by local mesh distortions,
i.e., singularities and strong chord alterations, which often come with
stress concentration and high strain energy. When working on nearly-
developable shapes like Dolphin, Envelope, Hangar, Manta, the curv
field provides a smooth quadrangulation and better reinforced grid
shell results, favored by an orderly grid rather than a grid aligned to
a structural-aware field. Moreover, this curv field has the additional
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Fig. 17. Examples of grid shells with optimized cross sections used for the comparison in Table 3: (a) Rust curv; (b) Vault bend; (c) Wave curv; (d) Dolphin bend.

Fig. 18. Comparison of reinforced grid shells obtained on the models Hangar (top) and Shell2 (bottom) with a single-parameter setup from different input fields: (a) bend; (b)
curv; (c) tsf.

Fig. 19. Quad mesh obtained on the TriSlab model for different input fields: (a) bend; (b) curv; (c) tsf. Blue spheres at vertices indicate fixed supports of the structure. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

advantage of being derived from geometry only, so it saves time

avoiding the initial shell analysis. Unfavorably, curv fails in the cases

of (almost-) flat shapes (TriSlab case) or spherical curvature (Fig. 19).

For input surface behavior akin to a thin shell, like in Taut, the bend

field provides better results. Even though this field is inaccurate in the

presence of high bending, likewise curv it leads to well-shaped quads,

which avoid localized strain energy peaks.

The starting mesh influences this problem, but the necessity of

finding the optimal mesh is largely reduced by the strategy we adopt

for the reinforcement initialization based on oblique bending. Thus,

we can catch even bending forces not aligned with the mesh frames.

As a drawback, non-optimal fields might have highly distorted strut

directions, but the reinforced grid shell still outperforms the grid shell.

We demonstrate the general validity of the method by running the

example Duck in Fig. 20, based on a generic mesh. The performance

of our structures is remarkable, but it generates struts that intersect

the main layer, posing severe fabrication issues.

7.3. Sensitivity and accuracy

The optimization time is a function of the number of beams in
the structure since the equilibrium and the number of optimization
variables are computed at each step. Operating in a single parameter
setup (results in Table 1) speeds up the optimization and delivers
satisfactory results. Moreover, the shape of chords is uniformly propor-
tional to their initialization, so the final solution generally preserves
all chords. This feature leads to a consistent reinforcement design,
which may be desirable for aesthetic reasons. On the other hand, in a
multiple parameter setup, the objective function can reach a value up to
67.9% smaller (Table 2), but spending much longer time. In this setup,
the 𝑥𝑘 variable may be set to 0 independently, causing the collapse
of the 𝑘 chord on the main layer. Consequently, structural material
and manufacturing costs are saved, but appearance is also affected, as
shown in Fig. 21.

The post-processing impacts the objective function, as shown in
Table 4, as it alters the number of beams, the chord path, and the
strain energy consequently. However, in cases where the grid is not well
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Table 4
Influence of the post processing on the results in the case of single and multiple parameter setup: model name (see Fig. 14, 15); fields adopted to generate the quad mesh (bend,
curv, tsf ); total strain energy on the optimized reinforced grid shell in single parameter  ′𝑜𝑝𝑡

(from Table 1) and its corresponding value after post processing  ′𝑝𝑝

𝑜𝑝𝑡
; reduction

(negative means worse performance); maximum norm of the displacements in both setups 𝑑; same quantities in a multi parameter setup.

Model Field  ′𝑜𝑝𝑡
 ′𝑝𝑝

𝑜𝑝𝑡
Cut 𝑑𝑜𝑝𝑡′ 𝑑

𝑝𝑝

𝑜𝑝𝑡′
𝑜𝑝𝑡 𝑝𝑝

𝑜𝑝𝑡
Cut 𝑑𝑜𝑝𝑡 𝑑

𝑝𝑝

𝑜𝑝𝑡

(kJ) (kJ) (%) (m) (m) (kJ) (kJ) (%) (m) (m)

Arch

bend 254.8 254.75 0.00 0.10 0.10 154.1 217.1 −40.87 0.09 0.09
curv 254.2 254.22 0.00 0.10 0.10 163.3 167.9 −2.80 0.05 0.05
tsf 211.2 211.18 0.00 0.07 0.07 141.6 222.0 −56.74 0.07 0.09

Dolphin

bend 120.3 126.15 −4.90 0.04 0.04 94.9 132.0 −39.12 0.03 0.05
curv 273.7 328.88 −20.16 0.15 0.16 218.5 238.8 −9.30 0.10 0.10
tsf 277.2 508.66 −83.49 0.17 0.30 176.1 495.9 −181.65 0.09 0.25

Envelope

bend 132.0 189.33 −43.42 0.13 0.10 97.8 222.9 −127.94 0.10 0.14
curv 183.9 183.10 0.45 0.07 0.07 133.5 225.3 −68.70 0.04 0.09
tsf 161.9 219.26 −35.39 0.06 0.08 113.3 278.3 −145.62 0.05 0.17

Flower

bend 361.2 360.83 0.10 0.42 0.42 115.8 177.0 −52.83 0.10 0.14
curv 225.9 223.70 0.98 0.34 0.34 96.7 198.5 −105.37 0.14 0.21
tsf 129.6 240.48 −85.50 0.11 0.27 74.1 133.5 −80.28 0.06 0.13

Hall

bend 40.9 40.92 0.03 0.03 0.03 19.8 19.8 0.08 0.01 0.01
curv 34.0 34.01 −0.12 0.02 0.02 19.8 19.8 0.03 0.02 0.02
tsf 23.1 31.42 −35.83 0.02 0.02 13.2 34.6 −163.17 0.01 0.04

Hangar

bend 1358.7 2129.76 −56.75 0.18 0.65 1017.1 1703.0 −67.43 0.20 0.60
curv 1828.1 5294.18 −189.59 1.01 2.43 1196.5 2338.4 −95.44 0.31 0.98
tsf 1812.1 3936.58 −117.24 0.34 1.15 1174.8 4600.1 −291.55 0.27 1.11

Manta

bend 2311.6 3842.53 −66.23 1.13 1.33 1418.4 4289.3 −202.39 0.64 1.47
curv 6317.4 8900.57 −40.89 3.63 4.24 4764.0 8925.2 −87.35 2.50 4.28
tsf 3677.4 7469.39 −103.12 1.78 2.18 2099.8 7770.1 −270.04 1.07 2.26

Roof

bend 282.6 282.21 0.12 0.47 0.47 177.6 177.0 0.36 0.28 0.28
curv 316.9 316.67 0.06 0.50 0.50 254.1 253.5 0.21 0.39 0.39
tsf 97.0 95.23 1.86 0.13 0.13 88.6 88.1 0.59 0.13 0.13

Rust

bend 276.9 332.47 −20.09 0.09 0.16 124.3 234.1 −88.39 0.04 0.08
curv 550.8 790.60 −43.53 0.15 0.17 328.7 765.3 −132.81 0.14 0.18
tsf 156.1 352.68 −125.95 0.06 0.11 82.3 237.9 −189.04 0.02 0.07

Shell1

bend 335.4 439.82 −31.15 0.14 0.16 253.9 539.4 −112.44 0.09 0.18
curv 343.8 405.45 −17.92 0.08 0.12 232.2 514.7 −121.70 0.06 0.20
tsf 198.1 343.53 −73.40 0.06 0.14 140.5 443.4 −215.72 0.05 0.22

Shell2

bend 2431.0 3391.10 −39.49 1.50 1.69 2030.7 2617.7 −28.91 1.25 1.50
curv 1589.2 1574.68 0.91 0.94 1.18 1096.7 2503.4 −128.26 1.15 1.07
tsf 829.2 1074.47 −29.57 0.43 0.59 554.0 1258.7 −127.20 0.25 0.86

Taut

bend 415.9 655.10 −57.50 0.49 0.62 295.6 535.7 −81.24 0.31 0.56
curv 342.1 859.37 −151.22 0.26 0.53 297.6 859.4 −188.75 0.22 0.59
tsf 466.5 817.26 −75.18 0.27 0.40 326.5 724.6 −121.93 0.14 0.39

TriSlab

bend 41547.2 44 857.24 −7.97 6.37 6.59 20517.6 51 995.8 −153.42 4.41 10.05
curv 4036.1 6425.46 −59.20 1.27 1.58 2975.9 9603.3 −222.71 1.25 2.53
tsf 3211.2 2960.59 7.80 1.41 1.04 2422.3 3572.4 −47.48 1.10 0.95

Vault

bend 6.5 7.23 −11.48 0.01 0.01 5.0 6.2 −24.17 0.01 0.01
curv 7.2 7.22 0.00 0.01 0.01 5.5 5.5 0.00 0.01 0.01
tsf 4.6 5.36 −16.35 0.01 0.01 4.1 5.7 −39.02 0.01 0.01

Wave

bend 22.0 27.59 −25.49 0.01 0.02 13.4 33.6 −150.45 0.01 0.02
curv 35.8 93.61 −161.53 0.02 0.07 23.1 80.1 −246.23 0.01 0.03
tsf 17.1 55.57 −224.61 0.01 0.04 11.2 32.5 −191.23 0.00 0.01

Yarn

bend 1940.2 4673.74 −140.89 1.45 2.23 1127.2 4819.0 −327.51 0.38 2.70
curv 804.6 2101.32 −161.16 0.69 2.16 314.8 2956.2 −839.10 0.15 2.51
tsf 352.1 449.11 −27.55 0.35 0.21 273.9 1125.3 −310.80 0.17 1.62

aligned to the flow of forces, the directions of the struts on different
chords might result too far, or the chord paths kinky. Hence, the reg-
ularity of the main layer mesh has a relevant role, so the post-process
effect is hardly case-dependent. Other limitations for functionality and
fabrication are embedded in the initialization and optimization of the
additional layer. For instance, in Table 1, the curv Roof case has a
negative cut because the solution 0

is computed at the initialization
of the additional layer, before the limitation on 𝐿𝑠,𝑚𝑎𝑥 is applied.

To show the sensitivity of our method in creating appropriate
solutions, we solve the case of a HemiSphere example, having a polar
symmetric mesh as in Fig. 22. The objective is to prove our method
against a known scenario, in which it could be intuitive to guess an
optimal solution since the radial bending moments have a known shape
in the continuum. We use hollow sections of 0.15m of external diameter
and 0.015 m thickness for the main beams and solid circular sections

of 0.08 m diameter for the reinforcement. The results show that for
case (a), in which we adopt the same load as in other experiments,
no additional layer is included since the bending moments can be
supported by the main grid alone. It would not have been efficient to
add other elements. This result also occurs when inputting a membrane
mesh. If the load doubles in case (b), additional symmetric layers
are created radially on the lower quad hoop. However, the expected
shape of the radial bending appears on the condition that the post-
processing filters are removed in case (c). Bending, from negative to
positive, originates from the compatibility of the internal forces on the
surface with the fixed supports. However, this edge effect is damped
out rapidly. In theory, additional layer elements are required to cross
the main layer, but the shortest strut is collapsed due to filtering.

To confirm the results of our method, we process them with a
commercial FE software [73], with which we remove the linearity
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Fig. 20. Reinforced grid shells obtained from a generic input mesh Duck: initial mesh
with blue spheres at vertices as supports, conceptual view, closeup showing conflicts.
Size: 35.31 m × 41.54 m × 32.9 m, 𝑖 = 488, 𝑗 = 954, 𝑘 = 37,  = 2514.6 kJ,
 ′ = 68.16 kJ. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

assumption and use a more complex beam model. We adopt the same
boundary and loading conditions, material, and structural elements.
We run a geometrically nonlinear analysis in which the load is applied
gradually, and the structure’s stiffness matrix is updated at each load
step. In Fig. 23, we report a comparison of two models having extreme
behavior: Roof, which is poorly supported and highly prone to large
displacement due to bending, and Rust, which is continuously sup-
ported on the boundary and has a shell-like behavior. We compare our
deformed shape obtained by solving Eq. (19) and the deformed shape
obtained from the nonlinear analysis. Fig. 23 shows the histogram of
the distances between the nodes of the two deformed shapes. For the
Roof case, the maximum distance is 0.561 m at the tip of the structure
(𝑑𝑜𝑝𝑡 = 0.063 m vs 𝑑𝑛𝑜𝑛𝑙𝑖𝑛 = 0.624 m), and the error accumulates
moving from the supports to the tip, as expected. For the Rust case,
the maximum distance is 0.043 m (𝑑𝑜𝑝𝑡 = 0.009 m vs 𝑑𝑛𝑜𝑛𝑙𝑖𝑛 = 0.052 m),
and the error is very low. The deformed shapes are qualitatively similar,
but the reliability of the analysis results increases with the stiffness of
the initial grid shell.

8. Conclusions

In this paper, we introduce a novel method to design automatically
a new type of structure, reinforced grid shells, built on general free-
form architectural surfaces. We decouple this problem into two phases.
First, we derive a quad-dominant mesh aligned to a field obtained from
the FE analysis of the continuous shell. Then, we optimize the structure
to capture out-of-plane load. This approach has the great advantage of
separating the discretization from the optimization in a discrete setup,
which makes it exceptionally flexible as these structures can be built
from different input fields, using our remeshing with anisotropy, or
directly from any input mesh. The optimization is fast and achieves
solutions that are more efficient than the corresponding grid shell in
the case of non-membrane shapes.

The most exciting feature is that this method provides no shape al-
teration of the initial surface, which is desirable from the architectural
perspective. The main layer has a prevailing stiffness and can safely
withstand the in-plane forces coming from the cladding placed on it.
The additional layer is visually lighter and can be located inward and
outward, crossing the main grid only at nodes.

The main limitation is that we do not expressly optimize our mesh
for the membrane (in-plane) behavior. Nevertheless, we can manage
grids unaligned with in-plane forces since we consider oblique bending

Fig. 21. Visual comparison of reinforced grid shells obtained on the Arch model in a
single (top) and multi parameter setup (bottom): closeup on one support.

Fig. 22. Conceptual view of reinforced grid shells obtained from a HemiSphere model
with closeups at the supports: results for (a) 2 kN∕m2 load, (b) a 2× load, (c) a 2×
load without post-processing. Size: 40 × 40 × 20 m.
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Fig. 23. Nonlinear analysis of our structures: distances between the deformed shapes
computed with our method and with a commercial software; Roof (on top), Rust (on
bottom).

in the formulation of the additional layer. Our solutions are generally
as efficient as the input surfaces are bending-dominated. On the other
hand, it must be considered that these structures use more elements
than a standard grid shell, impacting fabrication and assembly, and
have different aesthetics. However, they can be a practical choice in
free-form shapes for which grid shells lack stiffness.

Dealing with free-form shapes, our method naturally produces sev-
eral unique curved panel geometries and non-congruent nodes, which
in some cases may represent a significant limitation to buildability, for
instance, due to the costs of heat-bent glass panels of different curva-
ture. Future work shall focus on embedding fabrication constraints and
advancing the practical application of this kind of structure, making
fabrication affordable, i.e. by adopting planar panels or modular nodes.

Another limitation is the optimization for a single load case. In
the future, multiple loading scenarios shall be included to reinforce
any input grid shells for asymmetric load conditions. The most in-
teresting future direction is turning the reinforcement into a post-
tensioned cable, which can impose compression on the main grid. Thus,
compression-only materials could also be safely employed for the main
layer.
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