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Fig. 1. We approximate a given free-form surface using an assembly of rotational patches. This assembly allows for the creation of a seamless quad mesh

that enables the simultaneous repetition of multiple types of building elements. In the presented double-layer space frame structure, all elements, including

panels and different layers of nodes and beams, follow the same repetition pattern due to the derived local rotational symmetry. As a result, the number of

distinct panels (3,537) is significantly reduced to 1,519 (by 57.1%), with similar reductions for nodes and beams. Different rows of congruent faces are shown

in different colors. Transition regions, with faces uniquely shaped to achieve smooth connections across discrete patches, are rendered in plain white.

We present a method to approximate free-form surfaces using assemblies

of rotational patches for architectural rationalization. Rotational surface

patches inherently allow for the simultaneous repetition of multiple build-

ing elements along the arc direction. By assembling multiple patches, we

can create diverse free-form-like geometries to satisfy broad design intents,

while preserving local symmetry to enable cost-effective element fabrica-

tion. The main challenge lies in the strict constraint of maintaining local

rotational symmetry, while ensuring the final tessellated form is seamless,

smooth, and closely resembles the target surface. To address this, we pro-

pose a patch layout creation approach that segments the input surface

into patches, resembling untrimmed rotational patches within a prescribed

error threshold. Additionally, we develop a B-spline-based optimization

framework to refine the fitted rotational patches for smooth connections
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and faithful surface approximation. To facilitate practical architectural ap-

plications, we provide a post-processing tool that converts the discrete

patch assembly into a seamless, smooth quad mesh composed of locally

repeated elements. We demonstrate that our approach is applicable to a

variety of free-form surfaces, including those that mimic iconic architectural

designs, and can address various practical requirements for a wide range of

application scenarios.
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1 Introduction

Free-form surfaces are increasingly valued in architecture for

their innovative and elegant appearances. While advancements

in computer-aided design technology have simplified the design

process, their intricate geometries, featuring double curvature, still

pose significant construction challenges. In response, substantial re-

cent works have focused on architectural rationalization, aiming to

make the construction of complex surfaces feasible and affordable

[Austern et al. 2018; Pottmann et al. 2015].
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One major rationalization strategy is to reduce the number of

distinct shapes for building components such as beams, nodes, and

panels. Free-form structures often require numerous unique shapes,

leading to costly and time-consuming construction. By limiting the

shape variety, mold-based manufacturing methods, like casting, can

reuse molds for repeated elements, thereby lowering production

costs. For no-mold processes like CNC machining and 3D printing,

this strategy simplifies machinery setup and programming, leading

to increased efficiency and quality control. Fewer types of different

shapes can also ease storage, transportation, and the labeling and

identification of elements during on-site assembly.

Previous studies have explored various approaches to reduce

the shape variety of building components such as beams [Lee et al.

2022], nodes [Koronaki et al. 2020; Liu et al. 2023], panels [Eigensatz

et al. 2010; Fu et al. 2010; Liu et al. 2024, 2021; Pellis et al. 2021; Singh

and Schaefer 2010], and so on. These approaches can effectively

address individual types of elements, yet real-world architectural

projects typically incorporate multiple element types (see Figure 1).

Simultaneously reducing the shape variety for each type of element

holds great potential for facilitating fabrication but remains under-

explored. The main problem lies in optimizing a vast search space

that includes both discrete (grouping of individual elements) and

continuous (interrelated element geometries) variables. Escaping

from sub-optimal local minima remains a significant and ongoing

challenge.

In this article, instead of seeking an element-wise solution, we

explore surfaces with inherent symmetry that enable simultaneous

repetition of multiple elements. Specifically, we focus on rotational

surfaces, which are defined by sweeping a 3D profile curve (𝑣)

along a circular arc (𝑢) (see Figure 2(a)). By subdividing a rotational

surface along the 𝑢𝑣 directions, the resulting elements are naturally

congruent along the generating motion (see Figure 2(b)). Stitching

multiple rotational surface patches can further expand the design

space to create diverse shapes while maintaining local symmetry

for cost-effective fabrication. Based on this insight, the goal of this

work is to approximate a given free-form surface using an assembly

of rotational patches.

Our rotational patches are sub-

ject to three primary design con-

straints. First, each patch must

be an untrimmed, rectangular

rotational patch to avoid creat-

ing undesired trimmed faces, as

shown in the inset figure. Second,

patches should closely resemble

the target surface, while connect-

ing as seamlessly and smoothly

as possible. Third, any residual

gaps or kinks between adjacent

patches must be addressed in the final tessellated form to enable

practical applications. To resolve these constraints, we first segment

the input surface into quad patches that resemble untrimmed rota-

tional patches, guided by a customized cross-field.We then optimize

the fitted rotational patches for smooth connections and faithful

surface approximation. Finally, these discrete patches are tessel-

lated and merged into a seamless quad mesh, with small transition

regions introduced to blend out residual errors.

Fig. 2. A rotational surface created by rotating a 3D profile curve (𝑣) along

a circular arc (𝑢). By tessellating along 𝑢𝑣 directions, elements, such as

beams, nodes, and panels, along the arc direction are naturally congruent.

Contributions. Our core contributions are summarized as follows:

ÐWe present the first method to approximate a free-form sur-

face using an assembly of untrimmed rotational patches. This

approach enables the simultaneous repetition of multiple el-

ement types, crucial for cost-effective fabrication.

ÐWe define two new metrics to quantify the resemblance of

a surface to a rotational patch. Based on these metrics, we

propose a segmentation approach that divides an input sur-

face into quad patches, resembling rotational patches within

a specified threshold.

ÐWe develop a B-spline-based global optimization framework

to refine the rotational patch assembly for smooth connec-

tions, along with other constraints. To facilitate practical

applications, we provide a post-processing tool that converts

the discrete patch assembly into a continuous quad mesh

composed of locally repeated elements.

2 Related Work

In this section, we give a brief review of the methods for surface ap-

proximation using discrete classes of equivalent elements, surface

approximation using (or segmenting surfaces into) simple primi-

tives, and segmenting surfaces into quadrilateral patches, mainly

in the context of architectural applications.

Surface approximation using discrete classes of equivalent ele-

ments. Reducing the number of geometrically different elements

is a common strategy in architectural applications for cost reduc-

tion. Widely considered elements include beams, panels, and nodes.

Several methods have been proposed for beams in different con-

texts, including architectural structures [Bi et al. 2024; Brütting et al.

2021; Lu and Xie 2023], sphere tessellations [Lee et al. 2022; Liu

et al. 2022], and small-scale home fabrications [Zimmer and Kobbelt

2014; Zimmer et al. 2014]. As for nodes, methods include replacing

low-valence nodes with fewer types of high-valence ones [Bi et al.

2024; Brütting et al. 2021; Zimmer and Kobbelt 2014; Zimmer et al.

2014], or merging different nodes by explicitly achieving congru-

ent shapes [Bo et al. 2011; Koronaki et al. 2020; Liu et al. 2023]. In

terms of panels, several methods have been proposed to reduce the

number of different molds for panel fabrication, without needing
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Fig. 3. The overall framework of the algorithm. (a) Initially, we remesh the input surface into an isotropic triangular mesh. (b) We then calculate a smooth

cross-field that indicates the best-fit rotational direction at each local region. (c) Next, we trace a set of field-aligned paths to segment the surface into

quad sub-meshes that resemble rotational patches within a prescribed threshold. After (d) replacing each sub-mesh with its best-fit rotational patch, (e) we

perform a global optimization to refine the appearance of the patch assembly for architectural applications. (f) The optimized patches are then subdivided

based on a target edge length while ensuring globally consistent tessellation. (g) Finally, these discrete tessellations are merged, with small transition regions

introduced to ensure smooth connections, resulting in a continuous quad mesh composed of locally repeated elements.

the panel shapes to be exactly the same [Eigensatz et al. 2010; Pellis

et al. 2021]. Other methods have instead explored approximating

free-form surfaces using congruent groups of triangles [Bi et al.

2024; Liu et al. 2021; Singh and Schaefer 2010], quadrilaterals [Fu

et al. 2010; Zhu et al. 2023], or general 𝑛-gons [Liu et al. 2024].

Other building components include triangle-based point-folding

structures [Zimmer et al. 2012] and masonry blocks [Chen et al.

2023], and so on.

Unlike most research that focuses on a single element type, sev-

eral approaches consider multiple types simultaneously [Bi et al.

2024; Brütting et al. 2021; Zimmer and Kobbelt 2014; Zimmer et al.

2014]. Two methods approximate free-form geometries based on a

given set of Zometool beams and nodes, using an advancing-front

meshing strategy [Zimmer et al. 2014] or a remeshing approach

[Zimmer and Kobbelt 2014]. Brütting et al. [2021] introduces a

method to design a set of beams and joints that fit multiple geome-

tries and different structural requirements. Bi et al. [2024] focuses

on reducing the number of faces, beams, and nodes in grid shells

through clustering and optimization techniques. These methods

typically rely on high-valence nodes to provide additional con-

nection options to enable the reuse of the same shape in multiple

positions. In contrast, our approach explicitly achieves congruent

node geometries without increasing node valence. Moreover, our

method can be applied to multiple and various elements that can be

assembled based on a rotational surface, including but not limited

to beams, panels, and nodes.

Instead of explicitly adjusting the element shape, some studies

tackle the problem from a surface perspective, seeking geometries

with inherent properties that implicitly facilitate element repeti-

tion. For instance, the approach described in Pellis et al. [2021]

transforms a given free-form surface to a close-by Weigartern

surface, allowing the use of the same mold for panels aligned

along the curvature-isolines, without needing the panels to be

congruent. Similarly, our approach also adopts a surface-based

strategy. However, we focus on rotational surfaces, which produce

exactly congruent elements and can be applied to multiple element

types.

Surface approximation using simple primitives. The task of

surface approximation using simple shapes has been widely studied

across multiple fields, including design rationalization, mesh simpli-

fication, reverse engineering, and so on. Depending on the intended

geometry, commonly investigated shapes include planes [Chen et al.

2013; Cohen-Steiner et al. 2004; Jadon et al. 2022; Liu et al. 2006b,

2011; Pluta et al. 2021; Wu and Kobbelt 2005], spheres [Jadon et al.

2022; Wu and Kobbelt 2005], quadrics [Yan et al. 2012], cylinders

[Jadon et al. 2022;Wu andKobbelt 2005], developable surfaces [Stein

et al. 2018; Zhao et al. 2023], ellipsoids [Simari and Singh 2005; Yan

et al. 2012], and so on. These methods generally involve a segmenta-

tion process that splits the given surface into patches approximating

the target shape, followed by a fine-tuning stage to refine the geome-

try. However, most approaches generate unstructured patches with

complex and irregular boundaries that hinder proper tessellation.

While some studies successfully achieve regular tessellation of sur-

faces with planar faces through specializedmeshing techniques [Liu

et al. 2006b, 2011; Pluta et al. 2021], these methods are specifically

designed for planar faces and are less adaptable to other shaped

patches. Regarding general rotational patches, existing studies

are mainly focused on fitting a single rotational patch to the given

geometry [Liu et al. 2006a; Pottmann and Randrup 1998; Pottmann

and Wallner 2001]. In this study, we present the first method to

approximate free-form surfaces using an assembly of untrimmed

(rectangular) rotational patches, which can be tessellated into

repetitive elements, holding great potential for reducing fabrication

costs.

Partitioning Surfaces into Quadrilateral Patches. Our method

deals with untrimmed rotational patches that are inherently quadri-

lateral, necessitating the segmentation of the input surface into

a quadrilateral patch layout. Various methods for creating quad

layouts have been proposed for different purposes, such as semi-

regular quad remeshing [Bommes et al. 2013] and globally smooth

parameterization [Myles et al. 2014] (see [Campen 2017] for a com-

prehensive survey). Our approach is similar to patch decomposition

techniques for quadrilateral remeshing, both aiming to subdivide

each patch to achieve smooth and consistent tessellation. However,

unlike existing approaches, we pose additional demands on the

patch shape, requiring each patch to resemble a rotational patch

within a prescribed threshold.

An effective strategy for constructing a quad patch layout is to

rely on an auxiliary tangent space direction field to control the

orientation of the edges. Principal patches, with edges following

principal curvature lines, have been investigated in discrete differ-

ential geometry, offering possibilities to construct𝐶1 surfaces from
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Fig. 4. To calculate 𝛿𝑔 of an input mesh (a), we begin by fitting an axis to be as co-planar as possible to the normal lines of mesh faces (b). Based on this

axis, we rotate all mesh vertices onto a half-plane (c). Next, we fit a profile curve to the resulting planar point set (d), and subsequently construct the fitted

rotational surface (e).

patches of Dupin cyclides [Bo et al. 2011; Bobenko and Huhnen-

Venedey 2012; Martin 1982]. State-of-the-art techniques compute

a smooth tangent vector field on the surface [Vaxman et al. 2017]

aligned to features and principal directions as the basis for tracing

field-aligned paths to construct the patch decomposition for various

applications [Livesu et al. 2020; Nuvoli et al. 2019; Pietroni et al.

2022, 2021, 2016; Razafindrazaka et al. 2015]. Significantly, Pietroni

et al. [2022] further integrates geometric constraints on the patch

shape during segmentation to facilitate garment fabrication. In this

study, we adapt the framework by Pietroni et al. [2022] to suit rota-

tional patches while addressing different requirements on topology,

field, and patch shape. Specifically, in our approach, all patches must

be rectangular, with T-junctions being allowed. A field is specif-

ically designed to indicate the local rotational direction to guide

path tracing. Patch shape is constrained within an error threshold

measuring the resemblance of a given mesh to its best-fit rotational

patch.

3 Methodology

The overview of our method is outlined in Figure 3. Two similarity

metrics are defined in Section 3.1 as the basis of our algorithm.

Given an input surface (Figure 3(a)), we first calculate a smooth

cross-field (Figure 3(b)) that aligns with the fitted rotational di-

rection at each local region, as described in Section 3.2. Next, we

trace field-aligned paths to segment the surface into quad patches

(Figure 3(c)) that resemble rotational patches within a prescribed

error threshold, as explained in Section 3.3. These patches are then

replaced with their best-fit rotational patches (Figure 3(d)), further

refined via global optimization (outlined in Section 3.4) for smooth

connections and faithful surface approximation (Figure 3(e)). Finally,

the optimized patches are tessellated according to a target length

(Figure 3(f)), as described in Section 3.5, and further converted

into a continuous quad mesh (Figure 3(g)) to facilitate practical

applications, as detailed in Section 3.6.

3.1 Similarity Metric

We first define two metrics, 𝛿𝑔 and 𝛿𝑏 , to quantify the similarity of

a mesh to a rotational patch. The first metric 𝛿𝑔 measures the dis-

tances from mesh vertices to a rotational surface built from a fitted

rotational axis and profile curve. It reflects the general conformance

of the mesh shape, regardless of its boundaries. In contrast, the

second metric 𝛿𝑏 is more stringent, involving optimization over the

rotational patch based on sample points to ensure precise alignment

with the mesh, including both interior shape and boundaries.

3.1.1 𝛿𝑔 , General Fit.

Fitting the rotational axis. To fit a given mesh by a rotational

surface, we first determine the rotational axis using the method

described in Pottmann and Randrup [1998] and Pottmann andWall-

ner [2001]. The core idea is to find the axis as a line that is as

co-planar as possible with the normal lines of the mesh faces (see

Figure 4(b)), where each normal line passes through the face cen-

ter along the normal direction. In this approach, a line is repre-

sented in Plücker coordinates, expressed as a six-element vector

(𝒍 , 𝒍̄), where 𝒍 is a normalized direction vector and 𝒍̄ = 𝒑 × 𝒍 is a

moment vector, with 𝒑 denoting the coordinate vector of an ar-

bitrary point on this line. The coplanarity of two lines (𝒂, 𝒂) and

(𝒃 , 𝒃) can then be conveniently expressed as 𝒂 · 𝒃 + 𝒃 · 𝒂 = 0. For

the set of normal lines from the mesh faces (𝒏𝒊 , 𝒏̄𝒊), we seek a

line (𝒙 , 𝒙) that minimizes the coplanarity measure, as formulated

in Equation (1), while satisfying the normalization condition in

Equation (2) and the Plücker condition in Equation (3) to ensure
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a valid line representation. We first omit the second constraint

and solve the subsystem by converting it into a general eigenvalue

problem, where the solution is the eigenvector associated with the

smallest non-negative eigenvalue, as described in Pottmann and

Wallner [2001] and Pottmann and Randrup [1998]. We then take

this solution as initialization for solving the full system. To enforce

the nonlinear constraints, we use a penalty method, integrating

squared constraint terms into the objective function with a large

penalty weight (set to 1,000). The full system is then optimized us-

ing a quasi-Newton solver, which typically converges within a few

iterations.

min 𝐹𝑎𝑥𝑖𝑠 =
∑︁

(𝒏𝒊 · 𝒙 + 𝒙 · 𝒏̄𝒊)
2, (1)

s.t. | |𝒙 | |2 = 1, (2)

𝑥 · 𝑥 = 0. (3)

Fitting the profile curve. After determining the axis, all mesh

vertices are rotated onto a half-plane, forming a planar point set

that defines the profile shape (see Figure 4(c)). We then fit the

profile curve (modeled as a uniform cubic B-spline curve) to this

point set via optimization, as shown in Figure 4(d). The objective

function 𝐹𝐵−𝑠𝑝𝑙𝑖𝑛𝑒 is specified in Equation (4). It includes an error

term 𝑒𝑑𝑘 that reflects the distance from each data point to the

curve; here, the curvature-based distance term proposed in Wang

et al. [2006] is adopted for efficiency, formulated in the appendix

(Equation (13)). Since the fitted curve serves as the profile curve of a

rotational surface, curve fold-over or self-intersection is prohibited.

To address this, we add a term 𝑒𝑛𝑘 considering the normal direction

(Equation (5)), where 𝑁𝑘 denotes the projected normal of each mesh

vertex and𝑇𝑘 denotes the tangent vector at the closest point on the

B-spline curve. The effect of this term is illustrated in Figure 5. 𝐹𝑠 is

a smoothness term (Equation (6)) that regulates the first and second

derivatives 𝑃 ′ (𝑡) and 𝑃 ′′ (𝑡) of the B-spline curve 𝑃 (𝑡). The weights

for these terms are set as𝑤𝑑 =𝑤𝑛 = 1 and𝑤𝑠 = 0.01, respectively.

During optimization, the control points of the B-spline curve

serve as the design variables, with their number set to eight by

default. The optimization is solved iteratively. In each iteration,

we first update the closest point of each data point on the current

B-spline curve, assigning each data point a fixed parametric value

𝑡𝑘 . In the distance term 𝑒𝑑𝑘 , the point position 𝑃 (𝑡𝑘 ) has a linear

relationship with the control points, while other variables are de-

rived from the current geometry and treated as constant. In the

normal term 𝑒𝑛𝑘 , the normal 𝑁𝑘 is derived from the input mesh and

remains fixed, while the tangent vector 𝑇𝑘 has a linear relationship

with control points. The integrals within the smoothness term 𝐹𝑠
are computed analytically. Since 𝑃 (𝑡) is linear in control points,

its derivatives 𝑃 ′ (𝑡) and 𝑃 ′′ (𝑡) are also linear. As a result, in each

iteration, the optimization problem reduces to a quadratic program,

which is solved by setting the first derivative to zero and solving

the resulting linear system.

Eventually, the similarity metric 𝛿𝑔 is computed as the sum of

squared distances between each data point and its closest position

on the optimized B-spline curve, normalized by the number of data

points.

Fig. 5. Compared to using the distance term alone, adding the normal term

helps to prevent curve folding-over and self-intersection.

min 𝐹𝐵−𝑠𝑝𝑙𝑖𝑛𝑒 =

𝑛∑︁

𝑘=1

(𝑤𝑑𝑒𝑑𝑘 +𝑤𝑛𝑒𝑛𝑘 ) +𝑤𝑠𝐹𝑠 , (4)

𝑒𝑛𝑘 = (𝑇𝑇
𝑘 · 𝑁𝑘 )

2, (5)

𝐹𝑠 =

∫
∥𝑃 ′ (𝑡)∥2 𝑑𝑡 +

∫
∥𝑃 ′′ (𝑡)∥2 𝑑𝑡 . (6)

By rotating the identified profile curve around the fitted axis,

we can generate a rotational surface, as shown in Figure 4(e). This

two-step fitting approach can be applied to any mesh, regardless

of its boundary, and efficiently produces a good approximation

of a rotational surface. Although the precision of this approach

can be further improved via additional optimization, as explored

in Liu et al. [2006a], here efficiency is prioritized over precision.

This is because this approach is utilized in the field design stage

to determine the local rotational directions over the entire surface

(discussed in Section 3.2), where it may be processed thousands of

times, and the field mainly serves as guidance for path tracing. In

this regard, we adopt the unmodified, more efficient approach in

our implementation.

3.1.2 𝛿𝑏 , Including Boundary Alignment.

Optimization formulation. To evaluate the similarity of a given

mesh to a rotational patch while considering the alignment of both

the interior shape and the boundary, we perform optimization

to determine the best-fit untrimmed rotational patch. Specifically,

we uniformly sample a grid of test points 𝑃 (𝑢, 𝑣) on the patch

and seek to minimize their distances to the corresponding closest

points 𝑃∗
𝑢𝑣 on the mesh, as shown in Figure 6. To ensure alignment

with the mesh boundaries, corner points on the patch are matched

to their closest mesh corners, and boundary points are aligned

with their nearest positions on the corresponding mesh bound-

aries. The objective function is detailed in Equation (7), where the

control points of the profile curve (represented by a uniform cu-

bic B-spline) 𝑃𝑏 and the arc 𝑃𝑎 are taken as the design variables.

The number of controls points for the profile curve is set to four

for efficiency, considering that the optimization problem is highly

nonlinear and architectural surfaces generally exhibit low local

curvature variations. The sampling densities along the 𝑢 and 𝑣 di-

rections are denoted by 𝑛𝑢 and 𝑛𝑣 , respectively. The optimization

problem is solved using a quasi-Newton solver. The target positions

𝑃∗
𝑢𝑣 are updated at the beginning of each iteration and treated as

constants.

min 𝐹𝑝𝑎𝑡𝑐ℎ =

𝑛𝑢∑︁

𝑖=0

𝑛𝑣∑︁

𝑗=0

| |𝑃

(
𝑖

𝑛𝑢
,
𝑗

𝑛𝑣

)
− 𝑃∗

𝑢𝑣 | |
2 +𝑤𝑠𝐹𝑠 . (7)

ACM Trans. Graph., Vol. 44, No. 5, Article 168. Publication date: June 2025.



168:6 • Y. Liu et al.

Fig. 6. To calculate 𝛿𝑏 , we uniformly sample a grid of test points on the

rotational patch and seek their corresponding closest points on the mesh.

Corner points on the patch are matched to their closest mesh corners, and

boundary points are aligned with their nearest positions on the correspond-

ing mesh boundaries.

For a rectangular mesh patch, there are two possible rotational

directions, with either one pair of opposite edges as arcs and the

other as profile curves. We evaluate both configurations and select

one with the lower error to calculate 𝛿𝑏 , which equals the sum of

squared distances from sample points to their target positions on

the input mesh, normalized by the number of sample points. This

metric is utilized in the mesh segmentation process to evaluate the

distance from a sub-mesh to its best-fit untrimmed rotational patch,

as further discussed in Section 3.3.

3.2 Cross-field Construction

Given an input mesh, we compute a vector field to guide the path

tracing for patch layout decomposition. Since each patch must be

quadrilateral and it is preferred to have orthogonal patch corners for

creating well-shaped panels, a cross-field (4-RoSy tangent-vector

field [Vaxman et al. 2017]) is selected for the guidance. As we seek to

segment the mesh into sub-meshes that resemble rotational patches,

we compute a field that aligns with local rotational directions to

capture the intrinsic rotational symmetries. To construct such a

cross-field, we first calculate a unit vector at each face following the

orthogonal projection of a fitted rotational axis of the local region.

Each direction vector is thenweighted according to the resemblance

of each local region to a rotational surface and the uniqueness

of the axis. The final cross-field can then be computed through

global smoothing by taking these weighted direction vectors as soft

constraints.

Direction vector. For each face, we compute the direction vector

by fitting a rotational axis to its local region (see Section 3.1.1). The

local region is defined as the largest 𝑁 -ring neighbors (𝑁max-ring)

around this face that approximates a rotational surface within a

prescribed threshold (measured relative to 𝛿𝑔). The final direction

Fig. 7. Geometries with unique axes, such as cylinders, present much larger

uniqueness value 𝑢 compared to spheres or planes, which possess infinite

possible rotational axes. Arbitrary surfaces with little rotational symmetry

in any direction also contain small 𝑢.

vector is obtained by projecting the fitted rotational axis onto the

corresponding mesh face.

Weight. We assign a weight to each face to distinguish regions

with strong rotational characteristics i.e., those that closely resem-

ble rotational surfaces and exhibit a unique rotational axis. The

assigned weight influences the subsequent field smoothing process,

where higher-weighted direction vectors are better preserved, while

those in less significant regions are smoothed out. The weight𝑤 is

computed as𝑤 = 𝑁max𝑢. Here, 𝑁max represents the size of the local

region for each face (previously defined during direction vector

computation); a larger 𝑁max typically indicates a stronger resem-

blance to a rotational surface. The term 𝑢 quantifies the uniqueness

of the best-fit rotational axis within the local region, indicating how

sensitive the fitting error is to variations in axis position and orien-

tation (further detailed below). Higher weights indicate stronger

rotational characteristics and are illustrated in warmer colors in

Figure 8(b).

Uniqueness of the rotational axis. Regions with a unique rota-

tional axis (e.g., cylinders) are prioritized over those with multiple

potential rotational axes (e.g., planes and spheres). To compute

the uniqueness measure 𝑢 for each local region, we derive three

łtypicalž axes from the eigenvectors of the matrix formulation of

Equations (1) and (2). This 6 × 6 matrix contains three non-trivial

(non-zero) eigenvalues, whose corresponding eigenvectors repre-

sent the Plücker coordinates of lines (see [Pottmann and Randrup

1998] for more details on matrix construction and analysis). These

eigenvectors are further optimized to satisfy the Plücker condi-

tion (Equation (3)), ensuring valid line representations. The three

extracted lines are treated as potential rotational axes (the one

corresponding to the minimal eigenvalue is the best-fit rotational

axis, defined in Section 3.1.1), and for each, a rotational surface is

fitted to compute the corresponding fitting error (similar to Equa-

tion (4)). The uniqueness measure 𝑢 is then defined as the ratio

of the largest to smallest fitting error, quantifying the sensitivity

of the fitting error to axis variations. As illustrated in Figure 7,

cylindrical regions exhibit one small and two large fitting errors,

resulting in a large 𝑢. Planar and spherical regions have small fit-

ting errors for all axes, resulting in a low 𝑢. Arbitrary surfaces with

little rotational symmetry exhibit three large fitting errors, also

producing a low 𝑢. Regions with higher sensitivity to variations

in rotational axes (higher 𝑢) receive larger weights to better pre-

serve their rotational directions during the subsequent smoothing

process.
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Fig. 8. The framework for patch layout creation. Given an input mesh (a), we first calculate a smooth cross-field that indicates the local rotational directions,

where warmer colors indicate larger weights (b). We then gradually insert field-aligned paths to split the surface into finer, uniform patches, until all satisfy

the given constraints (c). Unnecessary paths are removed to simplify the patch layout (d). Next, we split non-quad patches via subdivision to create a

pure-quad patch layout (e). Eventually, redundant sub-paths (i.e., patch edges) are further removed if the merged patches still meet the given constraints,

resulting in the final quad patch layout (f).

Cross-field smoothing. With the obtained direction vectors and

weights at each face (or a subset of sampled faces for efficiency),

we take these weighted vectors as soft constraints for cross-field

smoothing. To ensure patches near the boundaries achieve a proper

shape with near orthogonal corners, we further require the field

to align with the boundary edges, such that the field-aligned paths

intersect the boundaries orthogonally. The final smoothed cross-

field, adhering to these constraints, can be computed using the

method described in Diamanti et al. [2014].

3.3 Patch Layout Construction

Overview. The next step involves constructing a patch layout

that follows the computed cross-field to segment the surface into

rectangular sub-meshes, resembling untrimmed rotational patches

within a specified threshold 𝜖𝑠 (measured with respect to 𝛿𝑏 ). The

patch layout creation process is summarized in Figure 8. We first

gradually insert field-aligned paths across the surface to split it

into uniform, finer patches, ensuring each conforms to the set

constraints (see Figure 8(c)). Since patch shapes depend on all se-

quentially added paths, some earlier paths may become redundant

as new ones are introduced. To simplify the layout, we identify and

remove these unnecessary paths (see Figure 8(d)). Next, we perform

quad subdivision to convert all non-quad patches into quadrilateral

ones (see Figure 8(e)). Finally, the quad layout is further refined by

removing sub-paths (i.e., patch edges) where adjacent patches can

be merged without violating the set constraints.

Single path tracing. To trace a field-oriented path, we employ

the graph-based approach described in Nuvoli et al. [2019] and

Pietroni et al. [2021, 2016]. Initially, we interpolate the cross-field

at mesh vertices, derived from the surface-based cross-field, while

ensuring 4-Rosy symmetry. We create a graph with four nodes

at each mesh vertex, one for each direction of its cross-field, as

shown in Figure 9. We then connect adjacent nodes with matching

cross-field directions, and assign each connection a weight based on

its deviation from the intended direction at adjacent nodes. Based

on this setup, path tracing can be cast as a shortest-path search

problem from a given source node to a destination node within a

weighted graph.

Two types of paths are crucial for creating a valid patch layout:

border-to-border paths and self-connecting loops. For loops, we

designate a single vertex node as both the source and the destina-

tion, ensuring the path forms a closed circuit. For border-to-border

Fig. 9. We create a graph with four nodes at each mesh vertex, one for each

direction of its cross-field, and then connect adjacent nodes with matching

cross-field directions.

paths, we select source nodes on boundary vertices where the di-

rection orthogonally enters the mesh, and destination nodes where

the direction orthogonally exits, thus avoiding ill-shaped patches

intersecting with the boundary at sharp angles. This orthogonal-

ity is ensured by aligning the field with the boundary edges (see

Section 3.2). Since paths are sequences of adjacent edges from a

triangle mesh, they are typically in zigzag shapes. We smooth these

paths, reproject them over the surface to enhance the appearance,

and update the rest of the mesh accordingly.

Path insertion for layout creation. Initially, we sample a set of

candidate paths by tracing both border-to-border paths and loops.

To enhance efficiency, we uniformly subsample source nodes lo-

cated on the border and within the interior of the mesh. Similarly

to Livesu et al. [2020], we insert a path using a greedy strategy that

prioritizes the furthest path from the previously inserted one. As in

Pietroni et al. [2021, 2016], the distance is computed for each node

using the M4 stratification of the graph [Campen et al. 2012], and

averaged for each path. Note that two paths crossing orthogonally

can be very far, and in contrast, parallel paths are typically close.

This simple strategy prevents dense gathering of paths and tends

to create a uniform patch layout decomposition.

The patch layout is continually updated as each path is itera-

tively added. At the start of each iteration, we assess the current

patches to determine if they meet our objectives. Quad patches are

directly checked against the given error threshold. For non-quad

patches, we check if they can be split into quad sub-patches (via

quad subdivision, detailed in the following paragraph), with all

resulting sub-patches meeting the threshold. Note that during this
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Fig. 10. Non-quadrilateral patches are subdivided by first connecting the

internal singularities to selected split points on each side (left). Next, the

split points along the sides are averaged across adjacent patches (center).

Finally, the central point of each patch is optimized based on the averaged

split points (right).

evaluation, the patch layout remains unchanged, and the splitting

is performed virtually for error measurement. If all patches meet

our objectives, the iteration stops. Otherwise, we insert a new path

from the candidate pool that can divide any unsatisfactory patch

without tangentially intersecting any existing path (see Figure 8(c)).

Quad subdivision. The splitting process is performed by inserting

new paths from field singularities towards each side of the patch.

Each non-quad patch is first mapped to 2D by assigning its bound-

ary to a convex regular polygon and parametrizing the internal

vertices using least-squares conformal maps [Lévy et al. 2002]. In

this 2D space, the polygon is divided into quads by connecting

the internal singularity to each polygon side. For each side, the

splitting point is chosen to create angles that are as orthogonal as

possible to the boundary in the parametric space (see Figure 10,

left). However, this step can introduce unnecessary T-junctions in

the patch layout because adjacent splitting points are generally

misaligned. To address this, a second step averages the splitting

points of adjacent patches along shared edges, simplifying the lay-

out by removing these T-junctions (see Figure 10, center). Finally,

the central point (centroid) of each patch is repositioned to further

enhance the orthogonality of angles in the generated quads (see

Figure 10, right). This is done by first mapping the patch to 2D

using as-rigid-as-possible parametrization [Liu et al. 2008], and

then updating the centroid to the mesh vertex that minimizes the

sum of squared deviations of quad angles from 90 degrees. With

the updated centroids, splitting points at patch sides are refined by

selecting the closest vertex (in terms of geodesic distance) to the

adjacent centroids. The centroids and splitting points are iteratively

adjusted, with experimental results showing that five iterations are

typically sufficient for convergence.

Once the path insertion is complete, we obtain a patch layout that

meets our objectives. However, during the construction process, it

is uncertain whether a candidate path will be essential in the final

layout. As patch shapes evolvewith subsequently added paths, some

earlier paths may become redundant as new ones are introduced.

We further check and remove redundant paths to simplify the patch

layout (see Figure 8(d)). This involves checking each path in reverse

order, starting from the last inserted one, and removing it if all

merged patches along this path still meet the required threshold.

Based on the simplified layout, we split all non-quad patches via

quad subdivision to create a pure-quad patch layout (see Figure 8(e)),

incorporating T-junctions as needed. Afterwards, we assess each

sub-path (i.e., patch edge) and remove it if its adjacent patches can

be merged without exceeding the threshold or introducing a non-

quad patch. This iterative process merges patches with the smallest

error first, eventually resulting in the final simplified, pure-quad

patch layout (see Figure 8(f)).

This patch layout creation process does not guarantee conver-

gence for arbitrarily low error thresholds. When the threshold is

too strict, it essentially reduces to segmenting the input surface

into perfect rotational patches, which is generally infeasible. How-

ever, since the primary goal at this stage is to generate a rough

approximation for initializing the subsequent global optimization,

a relatively higher error threshold is typically chosen.

3.4 Global Optimization

After surface segmentation, we replace each sub-mesh with its

best-fit untrimmed rotational patch (see Figure 3(d)). To refine this

patch assembly for architectural applications, we conduct global

optimization, with multiple constraints detailed as follows.

Rotational patch (hard constraint). Throughout optimization, all

patches are strictly kept as untrimmed rotational patches. This is

achieved by taking the control points of the profile curves and arcs

as design variables. Since all patches are built from the rotation of

curves, they always retain their rotational form regardless of curve

shapes. This ensures that the subdivided elements along the arc

direction in the final tessellated form are exactly congruent.

Closeness, 𝐸𝑐 (soft constraint). To ensure close surface approxi-

mation, we sample test points on each patch and minimize their

distances to corresponding target positions on the input surface

(as in Section 3.1.2). The closeness term 𝐸𝑐 is defined as the sum of

𝐹𝑝𝑎𝑡𝑐ℎ (see Equation (7)) over all patches.

Gap closure, 𝐸𝑔 (soft constraint). Adjacent patches should con-

nect as seamlessly as possible. For each pair of adjacent edges, we

uniformly sample 𝑛𝑠 points along each edge and minimize the sum

of squared distances between corresponding vertex pairs (see Fig-

ure 11). The detailed formulation is given in Equation (8), where

𝑛𝐸 denotes the number of edge pairs, 𝑉1 and 𝑉2 denote the sample

points along each edge, and 𝑖 and 𝑗 are the indices of patch and

sample point, respectively.

𝐸𝑔 =

𝑛𝐸∑︁

𝑖=1

𝑛𝑠∑︁

𝑗=0

| |𝑉1𝑖 𝑗 −𝑉2𝑖 𝑗 | |
2 . (8)

Surface smoothness, 𝐸𝑛 (soft constraint). To achieve smooth sur-

face connection across patches, for each pair of adjacent edges, we

require the unitized normal vectors 𝑁1 and 𝑁2 at sample points

(the same points used in 𝐸𝑔 , see Figure 11) to be aligned, and also

orthogonal to the line connecting the corresponding sample points

𝑉1𝑉2 (denoted by 𝑣 , the unit vector of 𝑉1 −𝑉2). The detailed formu-

lation is given in Equation (9), where 𝑖 and 𝑗 denote the indices of

patches and sample points, respectively.

𝐸𝑛 =

𝑛𝐸∑︁

𝑖=1

𝑛𝑠∑︁

𝑗=0

((1− (𝑁1𝑖 𝑗 ·𝑁2𝑖 𝑗 )
2)2 + (𝑁1𝑖 𝑗 · 𝑣𝑖 𝑗 )

4 + (𝑁2𝑖 𝑗 · 𝑣𝑖 𝑗 )
4) . (9)

Edge smoothness, 𝐸𝑡 (soft constraint). To achieve smooth edge

transition across patches, we require the tangent vectors 𝑇1 and

𝑇2 at the endpoints of adjacent edges (see Figure 11) to be aligned

and collinear with the line connecting the corresponding sample
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Fig. 11. During optimization, several soft constraints are included for adja-

cent patches to merge gaps (𝑉1 and𝑉2), ensure smooth surface transitions

(𝑁1 and 𝑁2), and achieve smooth curve transitions for patch edges (𝑇1 and

𝑇2).

points (denoted by 𝑣), as formulated in Equation (10). Here, 𝑖 and

𝑗 denote the indices of patches and endpoints, respectively. This

term is only applied to boundary and valence-4 vertices, ignored

for singularities, where the non-smoothness of a tessellation is

typically concentrated.

𝐸𝑡 =

𝑛𝐸∑︁

𝑖=1

2∑︁

𝑗=1

((1 − (𝑇1𝑖 𝑗 ·𝑇2𝑖 𝑗 )
2)2 + ((1 − (𝑇1𝑖 𝑗 · 𝑣𝑖 𝑗 )

2)2

+ ((1 − (𝑇2𝑖 𝑗 · 𝑣𝑖 𝑗 )
2)2) . (10)

Global objective function. Summing up the weighted constraints

gives the global objective function, as formulated in Equation (11).

The sample densities 𝑛𝑢 , 𝑛𝑣 , 𝑛𝑠 are all set to 5. The values of weights

{𝑤𝑐 ,𝑤𝑔 ,𝑤𝑛 ,𝑤𝑡 } are set empirically to {10, 1, 0.1, 0.01}, unless other-

wise specified. Users are free to explore different weight combina-

tions for practical usage. For 𝐸𝑔 , 𝐸𝑛 , and 𝐸𝑡 , at T-junctions, we split

the long edge into two segments and follow the same procedure.

𝐸𝑡𝑜𝑡𝑎𝑙 =𝑤𝑐𝐸𝑐 +𝑤𝑔𝐸𝑔 +𝑤𝑛𝐸𝑛 +𝑤𝑡𝐸𝑡 . (11)

3.5 Tessellation

Based on the optimized patch assembly, we calculate the edge sub-

division numbers to uniformly tessellate patches along the 𝑢𝑣 direc-

tions. To achieve a globally consistent tessellation, opposite edges

within each patch and adjacent edges of neighboring patches must

have the same subdivision numbers. At T-junctions, the number

of the long edge equals the sum of the two short edges. Based on

these criteria, we group edges based on the patch layout topology,

with edges per group sharing the same subdivision number. Long

edges at T-junctions are split into two for grouping. Eventually,

each group is assigned a subdivision number as the nearest integer

to
∑
𝑙𝑖

𝑛𝑒 𝑙∗
, where 𝑙𝑖 is the length of the 𝑖th edge and 𝑛𝑒 is the num-

ber of edges in the group, and 𝑙∗ is the target edge length for the

subdivided panel.

3.6 Post-processing

For general input surfaces, the multiple constraints in global opti-

mization typically conflict, leaving residual gaps and kinks between

adjacent patches that are undesirable for practical applications. To

resolve this, we propose a post-processing method that converts

the discrete patch tessellations into a seamless, smooth quad mesh,

as illustrated in Figure 12. The key idea is to relax the rotational

symmetry near patch boundaries by assigning certain mesh

faces as transition regions, allowing them to deform for smooth

connections. Specifically, the transition regions are gradually

expanded based on a specified error threshold. Third-order

Laplacian smoothing [Botsch and Kobbelt 2004] is applied on these

transition regions to ensure a 𝐶2 smooth blend with fixed regions.

This process eventually yields a continuous mesh with locally

repeated elements, while elements within the transition regions

typically exhibit distinct shapes. The main steps are detailed as

follows:

Step 1 Merge adjacent patches. Given the discrete tessellations, ad-

just each boundary vertex to the average position of corre-

sponding vertices from adjacent patches, then merge them.

These merged vertices form the initial list of free vertices.

Step 2 Smoothing.Optimize the positions of free vertices using third-

order Laplacian smoothing, while keeping the remaining

vertices fixed. Uniform weighting is applied to smooth the

tessellation simultaneously.

Step 3 Update transition region. For each fixed vertex adjacent to a

free vertex, calculate its distance to the average position of

its neighboring vertices. If the distance exceeds a specified

threshold, add this vertex to the list of free vertices.

Step 4 Termination check.Terminate the iterationwhen all examined

vertices meet the threshold, or the maximum number of

iterations is reached. Otherwise, return to Step 2.

4 Results and Discussion

Given an input free-form surface, our method produces an assem-

bly of closely aligned rotational patches, further converted into a

continuous quad mesh with locally repeated elements, mainly serv-

ing for rationalizing architectural surface designs. The algorithm

is implemented in C++ based on Libigl [Jacobson et al. 2018] and

C# within the Rhino-Grasshopper platform, on a desktop computer

with a 5.1GHz CPU and 32GB memory. Optimization problems are

solved using the L-BFGS algorithm in Alglib [Bochkanov 2013]

and auto-differentiation in FADBAD++ [Bendtsen 1996]. Our ap-

proach is tested across a variety of free-form surfaces, including

those that mimic iconic architectural designs, as shown in Fig-

ures 13ś22, with the statistics summarized in Table 1. Each input

surface is normalized such that the longest edge of its bounding

box equals one. The error thresholds for patch layout creation (𝜖𝑠 ,

see Section 3.3) and for smoothing during post-processing (𝛿𝑠 , see

Section 3.6) are set to 0.0025 and 0.05 by default, unless otherwise

specified. For each example, we show the input mesh with the gen-

erated patch layout, the optimized patch assembly, and the final

quad mesh after post-processing. For simplicity, we only record

the statistics of faces; the numbers of distinct shapes for other el-

ements like beams and nodes are typically reduced by a similar

ratio.
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Fig. 12. Post-processing. Based on the tessellations of discrete rotational

patches (a), we first directly merge adjacent patches, resulting in bumpy

connections (b). The bottom sub-figure shows the error distribution, indicat-

ing the distance from each vertex to the average position of its neighbors,

with darker colors representing larger errors. By iteratively expanding the

transition region and smoothing, we achieve a final seamless, smooth mesh

with significantly reduced errors (c).

4.1 Architectural Application Considerations

For architectural applications, the generated design should closely

approximate the target surface, exhibit a seamless, smooth appear-

ance, and enable cost-effective fabrication. Additional consider-

ations may include preserving surface boundaries, maintaining

global symmetry, controlling panel dimensions, and designing the

actual paneling of the surface. Below, we demonstrate how our

method addresses these various requirements, making it applicable

for a wide range of application scenarios.

Closeness. To achieve a closer approximation of the target sur-

face, we provide two strategies. First, one can increase the weight of

the closeness term (𝜔𝑐 , see Section 3.4) for optimization, as shown

in Figure 13. This can effectively produce a closer approximation,

but introduces larger gaps between patches, requiring wider transi-

tion regions and more distinct element shapes. Additionally, one

could also use a smaller error threshold (𝜖𝑠 , see Section 3.3) for seg-

mentation, creating more patches for approximation, as shown in

Figure 14. A larger number of patches provides more degrees of free-

dom for a closer fit, but also increases the size of transition regions

and results in more distinct shapes. Balancing cost-effectiveness

and approximation is a design decision, depending on the specific

project requirements.

Smoothness. Our method allows users to control the smooth-

ness of the resulting mesh by adjusting the error threshold (𝛿𝑠 , see

Section 3.6) for post-processing, as shown in Figure 15. Generally,

a smaller 𝛿𝑠 produces a smoother mesh, yet also results in wider

transition regions and more uniquely shaped elements.

Enhancing cost-effectiveness. Despite the trade-off between close-

ness, smoothness, and cost-effectiveness, we propose an iterative

strategy that can slightly reduce the number of distinct elements

without largely altering the surface shape. This is achieved by it-

eratively setting the smoothed geometry after post-processing as

the new target surface and performing additional optimization. As

illustrated in Figure 16, this approach further reduces the number of

distinct faces by 4.8%, with the overall geometry remaining nearly

unchanged.

Boundary and symmetry constraints. Our algorithm can preserve

boundary features by assigning larger weights to corresponding

vertices in the closeness term, as shown in Figure 17. Global

Fig. 13. Increasing the weight of the closeness term (𝜔𝑐 ) allows for a closer

approximation of the target shape but results in larger gaps, requiring wider

transition regions and more distinct element shapes.

Fig. 14. Reducing the error threshold 𝜖𝑠 results in segmentation with a

greater number of patches, enabling a closer approximation to the input

surface. The sub-figures at the bottom right illustrate the error distribution

of deviations from mesh vertices to the input surface, with darker colors

indicating larger deviations.

symmetry can also be maintained within our framework, through-

out the generated patch layout, optimized patch assembly, and final

continuous quad mesh, as illustrated in Figure 18.

Panel planarity. Our method supports the integration of addi-

tional constraints, such as face planarity. In Figure 20, we further

require the B-spline curve to be coplanar with the rotational axis

by adding the term from Equation (12) into the objective function.

Here, 𝑉𝑖 denotes the volume of the tetrahedron formed by the 𝑖th

and (𝑖+1)th B-spline control points and two points on the rotational

axis. After optimization, we obtain faces with improved planarity.

The derived mesh is both conical and circular (except for the transi-

tion regions), which contains desirable features for architectural

applications, such as planar faces, torsion-free nodes, and offset
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Fig. 15. Smoothness can be controlled by adjusting the error threshold

𝛿𝑠 . A lower value results in a smoother mesh, as indicated by the more

continuous zebra strips, but requires a larger transition region with more

distinct shapes.

Fig. 16. By iteratively setting the smoothed geometry after post-processing

as the target surface and performing additional optimization, one could

further reduce the number of distinct elements, while keeping the overall

geometry nearly unchanged.

properties that facilitate beam placement [Liu et al. 2006b; Pottmann

and Wallner 2008].

𝐸𝑝 =

𝑛𝑃∑︁

𝑖=1

𝑛𝑏−1∑︁

𝑖=1

( | |𝑉𝑖 | |
2) (12)

Controllable panel dimension. Panel dimensions, linked to mesh

resolution, can be controlled by adjusting the target edge length

(𝑙∗) during tessellation, as shown in Figure 19. Generally, a denser

mesh reduces the ratio of distinct shapes to all faces, exhibiting

increased cost-effectiveness.

Paneling. For the actual paneling (i.e., designing the panel shape)

of the obtained quad mesh, we propose two strategies, as shown

in Figure 21. The first option is to use bilinear surfaces, allowing

for straight beams that are easy to fabricate, resulting in a faceted

appearance. Alternatively, faces within fixed regions can be pan-

eled based on corresponding rotational patches, with transition re-

gions paneled using surfaces with minimal curvature variation, de-

rived through third-order Laplacian smoothing on a high-resolution

mesh. This yields a smoother visual appearance but requires non-

planar curved beams, adding complexity to the manufacturing

process.

Fig. 17. Our algorithm can preserve the boundaries of the input surface.

Fig. 18. Our method can maintain the symmetry of the overall geometry.

Fig. 19. Using a smaller target edge length results in a denser mesh, which

typically allows a larger portion of element shapes to be repeated.

4.2 Special Surfaces Composed of 𝐶1-continuous Patches

In general, our results depend on the input surface, with surfaces

that inherently contain rotational features allowing for a greater

portion of elements to be repeated. Here, we highlight a special

family of surfaces composed of 𝐶1-continuous rotational patches,

as shown in Figure 22. These surfaces are created by rotating a

profile curve along a series of tangent arcs. The arc spline can be
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Fig. 20. By requiring the profile curves to be coplanar with the rotational

axis, we achieve faces with improved planarity.

Fig. 21. We propose two strategies for the realistic paneling of the resulting

quad mesh. (Top) Paneling with bilinear surfaces, leading to a faceted ap-

pearance. (Bottom) Paneling using rotational surfaces for fixed regions and

surfaces with minimal curvature variation for transition regions, resulting

in a smoother visual appearance.

Fig. 22. A special family of surfaces composed of𝐶1-continuous rotational

patches, created by sweeping a profile curve along a series of tangent arcs.

derived by approximating an arbitrary input curve using various

methods, such as the one described in Mizutani and Kawaguchi

[2021]. For closed curves, the twist must be nulled to align the start

and end curve frames, as described in Wang et al. [2008]. These

surfaces are inherently smooth, with no gaps between patches and

no need for transition regions, making them highly desirable for

Table 1. Statistics and Timings

Fig 𝑛𝑝 𝑛𝑓 /𝑘𝑓 /𝑛𝑡 /𝑟 𝐸𝑐 /𝐸𝑔/𝐸𝑛 𝑡 (min)

1 22 3,537/223/1296/0.571 0.279/0.024/0.031 0.67

13(t) 11 3,434/168/874/0.697 1.086/0.009/0.055 2.31

13(b) 11 3,744/194/1368/0.583 0.161/0.131/1.874 2.33

14(t) 2 2,916/72/573/0.779 0.371/0.047/8.524 2.51

14(m) 6 3,936/143/1395/0.609 0.117/0.116/6.091 2.78

14(b) 17 4,354/193/2476/0.387 0.180/0.304/14.679 2.99

16(t) 14 3,171/157/1829/0.374 0.170/0.219/5.294 3.53

16(b) 14 3,171/161/1729/0.403 0.108/0.184/3.007 4.12

17(t) 26 6,108/380/2588/0.514 0.345/0.028/0.917 1.49

17(b) 26 6,527/394/2946/0.488 1.033/0.075/7.400 1.34

18 20 3,512/73/735/0.770 0.220/0.036/0.486 1.12

19(l) 22 2,179/211/971/0.458 0.266/0.030/0.056 0.49

19(r) 22 7,690/394/2490/0.625 0.266/0.030/0.056 0.61

20(t) 16 4,176/206/1261/0.648 0.368/0.048/0.833 0.35

20(b) 16 4,143/197/1428/0.608 0.664/0.068/1.474 0.38

23 23 2,769/191/1441/0.411 0.111/0.111/0.432 3.40

We report each example with the number of patches (𝑛𝑝 ); the number of faces

(𝑛𝑓 ), layers along the arc direction (𝑘𝑓 ), transition regions faces (𝑛𝑡 ), and the

reduction ratio of distinct shapes 𝑟 = 1 − (𝑘𝑓 + 𝑛𝑡 )/𝑛𝑓 ; the errors for
closeness (𝐸𝑐 ), gap closure (𝐸𝑔), surface smoothness (𝐸𝑛 ); and the total
runtime 𝑡 .

Fig. 23. In applications where gaps are allowed between adjacent faces, our

design can be taken as input to further reduce the number of distinct faces

using a clustering-based approach [Liu et al. 2024]. Nodes and beams are

unmodified, maintaining the repetition derived from the original design.

architectural applications. However, the available design space for

such surfaces remains relatively limited.

4.3 Integration with Clustering-based Approach

In specific applications, panels are installed in a separate layer, at-

tached to the underlying beam-node structural layer via connectors,

allowing for gaps between adjacent faces (for a practical example,

see [Sidelko 2013]). This configuration provides the flexibility to

further reduce the number of distinct faces, as shown in Figure 23.

Initially, our design consists of 2,769 faces, including 1,632 types

of distinct shapes, with all elements seamlessly connected. Using

the base mesh as input, we apply a clustering-based approach

[Liu et al. 2024] to achieve congruent faces across different rows

and patches, and merge transition faces into existing groups.
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This further reduces the number of distinct faces to 100, where

gaps are introduced in between (with a similarity error of 0.049,

measured using their definition). Nodes and beams are unmodified,

maintaining the repetition derived from the original design.

5 Conclusion

We present the first method to approximate a given free-form

surface using an assembly of untrimmed rotational patches, en-

abling the simultaneous repetition of multiple element types for

cost-effective fabrication. We introduce two similarity metrics to

quantify the resemblance of a mesh to a rotational patch. Our

segmentation approach divides a surface into quad patches that

resemble rotational patches within a prescribed threshold. Our B-

spline-based optimization framework can refine rotational patches

for faithful surface approximation and smooth connections, while

incorporating additional constraints. To meet practical needs, we

provide a post-processing tool that converts the discrete patch as-

sembly into a seamless, smooth quad mesh, composed of locally

repeated elements. We show that our method is applicable to a

variety of free-form surfaces, and capable of addressing diverse

architectural requirements.

Practical applications. Our approach offers several unique advan-

tages for practical applications. First, it ensures exactly congruent

elements within each group, making it well suited for mold-based

fabrication techniques, such as casting and vacuum forming, where

each unique shape requires a customized mold. Second, unlike most

existing methods that focus on a single element type, our approach

simultaneously optimizes multiple element types, even across lay-

ers in multi-layer space frames. While this stricter constraint may

lead to a lower reduction rate in the number of unique shapes,

achieving a balanced reduction across all elements can potentially

be more cost-effective than achieving a high reduction in a single

type while leaving others unoptimized. Third, our method ensures

seamless connections between components, which is critical for

high-precision applications such as node assembly, where beams

must fit precisely to avoid inducing undesirable internal stresses.

Our approach can also be adapted for scenarios with permissive

tolerances, such as allowing small gaps between adjacent panels.

As shown in Figure 23, we further apply global clustering and opti-

mization to panels, achieving an increased reduction rate of 96.4%

(within a prescribed error threshold), while maintaining seamless

connectivity and original rotational symmetry for nodes.

Limitations and future work. Our work has several limitations

that open up interesting directions for future research. First, tran-

sition regions are required to address residual errors, which intro-

duce additional distinct shapes. Minimizing these regions would

be a key research direction. Two potential strategies include (1)

identifying surface types that can be well approximated using rota-

tional patches and (2) exploring alternative surface segmentation

strategies to enhance the outcome. It is also interesting to integrate

interactive sketching tools into the patch layout design process to

facilitate real-time user-driven surface segmentation, improving

design flexibility. In addition, our approach currently focuses on

rotational patches; extending it to more general surface types, such

as translational, helical, and spherical surfaces, could expand design

freedom while ensuring cost-effective element fabrication.
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Appendix

A Curvature-based Distance Term

In our implementation, we employ a curvature-based distance term

for B-spline curve fitting, as introduced in [Wang et al. 2006] for

enhanced efficiency. The formulation is detailed in Equation (13),

where 𝑑𝑘 denotes the signed distance from the data point 𝑋𝑘 to

the nearest point 𝑃 (𝑡𝑘 ) on the B-spline curve, with 𝑡𝑘 being the

corresponding parametric value. The sign of 𝑑𝑘 depends on the

relative positions of 𝑋𝑘 and the curvature center 𝐶𝑘 at 𝑃 (𝑡𝑘 ); it is

negative if they are on opposite sides of the curve, and positive

otherwise. Additional parameters include the radius of curvature

𝜌𝑘 , the tangent vector𝑇𝑘 , and the normal vector 𝑁𝐵𝑘 at point 𝑃 (𝑡𝑘 ).

The formulation 𝑃 (𝑡) =

∑𝑚
𝑖=1 𝑃𝑖𝐵𝑖 (𝑡) calculates the point on the

B-spline curve using 𝑚 control points 𝑃𝑖 and 𝑚 basis functions

𝐵𝑖 (𝑡), related to the curve’s knot vector and order. For more details,

we refer to [Wang et al. 2006].

𝑒𝑑𝑘 =




𝑑𝑘
𝑑𝑘−𝜌𝑘

(
(𝑃 (𝑡𝑘 ) − 𝑋𝑘 )

𝑇𝑇𝑘
)2

+
(
(𝑃 (𝑡𝑘 ) − 𝑋𝑘 )

𝑇𝑁𝐵𝑘

)2
, if 𝑑𝑘 < 0,

(
(𝑃 (𝑡𝑘 ) − 𝑋𝑘 )

𝑇𝑁 ′
𝑘

)2
, if 0 ≤ 𝑑𝑘 < 𝜌𝑘 ,

(13)
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