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A B S T R A C T

Free-form structures are highly valued for their aesthetic appeal in architecture, but they typically comprise
panels of many different shapes, which can pose great challenges for building construction. In this study,
we aim to address this issue by proposing a novel clustering–optimization method to reduce the number
of different 𝑛-gonal faces in free-form surface approximations. The method partitions the faces into several
groups of similar shapes through clustering and transforms the ones within each group toward congruent
forms through optimization. By utilizing this approach, the number of geometrically different panels can be
reduced while also satisfying a user-specified error threshold. The potential practical application of this method
is demonstrated by redesigning the façade of a real architectural project to achieve cost-effective solutions.

1. Introduction

Free-form surfaces create 3D shapes that possess innovative and
elegant appearances. In recent years, the adoption of free-form surfaces
has been rapidly increasing in architectural designs due to the develop-
ment of computer-aided design technology [1–3]. However, free-form
surfaces are typically complex due to the inherent double curvature,
which often poses great difficulty for real-world construction. There-
fore, in the last decade, significant effort has been focused on the
problem of architectural rationalization, i.e., making the construction
of complex surfaces feasible and affordable [4–8].

One major rationalization strategy is to reduce the shape variety
of building components, such as beams, nodes, and panels [9]. Typ-
ically, free-form structures consist of elements with many different
shapes, which often results in expensive and time-consuming construc-
tion [10]. By reducing the number of different elements, mold-based
manufacturing techniques like casting and vacuum forming can use
the same mold for repeated elements, resulting in lower production
costs [11]. For other no-mold manufacturing processes like CNC (com-
puter numerical control) machining and 3D printing, reducing the
shape variety may simplify programming and setup for the machinery,
leading to increased efficiency and quality control [12]. Fewer types
of components can also ease storage and transportation [13]. More-
over, for on-site assembly, using fewer types of elements may reduce
the amount of backup components, hence further lowering overall
fabrication costs [14].
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Despite the above-mentioned benefits, reducing the number of dif-
ferent elements in complex free-form geometries is not an easy task. To
facilitate numerical analysis, free-form structures are often simplified as
polygonal meshes, with beams treated as edges, nodes as vertices char-
acterized by the angles between adjacent edges, and panels as faces.
To reduce the number of different edges, several methods have been
proposed in different contexts, including architectural structures [15,
16] and sphere tessellations [17,18]. Regarding nodes, methods in-
clude replacing low-valence nodes with fewer types of high-valence
ones [15,19], or merging different nodes by similarizing their respec-
tive shapes [14,20]. In this study, however, we only focus on faces.
Several studies have investigated using congruent regular triangles to
create various three-dimensional shapes [21–23]; the results suggest
that only limited target profiles can be achieved. For complex free-form
surfaces, a related approach has been proposed to reduce the number of
different molds for panel fabrication [24], where panel shapes can be
different. Other studies have instead explored free-form approximations
using congruent groups of triangles [25,26] or quadrilaterals [11].
However, these methods are not generic enough; general polygonal
meshes composed of one or more types of different 𝑛-gonal faces
remain underexplored. These meshes contain unique properties [27,28]
and visually appealing patterns that hold a wide range of practical
applications in architecture and artistic designs [29–31].

The motivation for this study comes from a real architectural
project, the Soumaya Museum, as shown in Fig. 1. The initial façade de-
sign contains a large number of uniquely shaped hexagonal panels. The
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Fig. 1. The façade of the Soumaya Museum, which is mostly made up of hexagonal
panels, with some trimmed ones near the boundaries.

original approach [29,32] for reducing the shape variety is to cluster

all panels into a specified number of groups, with each being replaced

by the representative shape of its corresponding group (i.e., the group

centroid). However, since panels typically remain different from their

respective centroids, such shape discrepancy would cause nonuniform

gaps between neighboring panels. The required group number by

using clustering alone could still be high in order to achieve a small

shape discrepancy. In this study, we propose to add an optimization

process after clustering to convert faces within the same group toward

congruent shapes. This approach has great potential to further reduce

the group number while meeting the specified level of shape discrep-

ancy. Although similar concepts have been explored in the contexts of

triangular [25] and quadrilateral [11] meshes, further research is still

required for general polygonal meshes that contain more complex faces

and even mixed different 𝑛-gonal faces.

This study presents a new method to reduce the number of different

faces in free-form surface approximations based on polygonal meshes

that comprise general 𝑛-gons. The main ingredients are clustering

and optimization. In clustering, faces are adaptively partitioned into

a specific number of groups of similar shapes. The geometric close-

ness between two different faces is evaluated based on their best-fit

alignment while considering all possible vertex correspondences. In the

subsequent optimization, faces within the same group are transformed

toward congruent shapes by equalizing their corresponding edges, an-

gles, and signed distances from vertices to their corresponding best-fit

planes. This strategy is generic and can be applied to different 𝑛-gonal

faces. Clustering and optimization are interleaved until the clustering

results remain unchanged, which is found to be beneficial for improving

the outcome. Along the clustering–optimization process, the topology

of the input mesh remains unchanged, faces are kept connected, and the

positions of vertices are adjusted based on the applied geometric goals.

Based on the clustering–optimization process, a global framework is

developed to determine the required group number that satisfies a

specified error threshold. The error-driven property allows users to

explore various results to accommodate projects with different error

requirements.

The remainder of this paper is organized as follows: The details

of clustering and optimization are explained in Section 2. Section 3

presents a variety of numerical examples to investigate the performance

of the proposed method. In Section 4, the potential practical application

of the method is demonstrated through a redesign of the Soumaya

Museum, as shown in Fig. 2. Section 5 discusses the limitation and

potential extension of the method. Section 6 draws conclusions.

Fig. 2. A redesign of the Soumaya Museum using the proposed method. Given an initial
mesh with 1,924 faces, the final group number is significantly reduced from 500 (using
clustering alone) to 285 (after incorporating the proposed optimization method).

2. Methodology

2.1. Overview

The core of our method is clustering and optimization. We first
define a similarity metric to evaluate the geometric closeness between
two different 𝑛-gonal faces in Section 2.2.1. Based on this metric, we
apply an adaptive clustering method to partition faces into groups of
similar shapes, as described in Section 2.2.2. After clustering, we seek
to transform faces within the same group toward congruent shapes
through optimization. An additional goal is considered to approximate
the target surface for architectural applications. Here, each geometric
goal is formulated as an objective subterm, as detailed in Sections 2.3.1
and 2.3.2. Summing up the weighted terms gives the overall objective
function, as stated in Section 2.3.3.

Essentially, this is a multi-objective optimization problem with the
positions of vertices treated as the design variables. The objective
function can be minimized by manipulating the values of design vari-
ables based on the gradient information. Since the objective function is
built based on the geometric goals, the movement of vertices drives
the geometry to gradually approach the specific goals. However, in
cases where the geometric goals are in conflict, the objective func-
tion usually cannot be reduced to zero; the final outcome is typi-
cally a compromising solution with each geometric goal only partially
achieved.

2.2. Clustering

2.2.1. Similarity metric

To evaluate the geometric closeness between two 𝑛-gonal faces,
𝑃 and 𝑄, each represented by a set of 𝑛 vertices, the key idea is to
determine their best-fit alignment [11,25]: With 𝑄 fixed, we perform
rigid body motions (i.e., translations and rotations) on 𝑃 to minimize
𝑠, the sum of squared distances between corresponding vertex pairs, as
shown in Fig. 3. To achieve this, different possible vertex correspon-
dences between 𝑃 and 𝑄 need to be first analyzed. Assuming that the
vertex permutation of 𝑄 is fixed, any vertex in 𝑃 can be chosen as the
starting vertex, resulting in 𝑛 different permutations. If flipping the face
(i.e., reversing the direction of the vertex set) is permitted, there are
𝑛 additional permutations possible. Since each permutation matches
a unique vertex correspondence, all possible correspondences can be
identified. For a given vertex correspondence, the best-fit mapping
process 𝑇 can be determined using the method described in [33], which
yields the alignment that globally minimizes the summation 𝑠 under the
specific vertex correspondence. By examining all possible alignments,
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Fig. 3. To calculate the similarity metric between two different triangular faces,
𝑃 and 𝑄, three or six (if allowing flipping the face) different permutations need
to be considered, each leading to a unique vertex correspondence. For a given
correspondence, 𝑃 is best-fit mapped to 𝑄, resulting in an alignment with the sum
of distances between corresponding vertex pairs minimized.

the one with the minimal 𝑠 can be determined as the best alignment.
Finally, the similarity metric 𝑑 is defined as follows:

𝑑(𝑃 ,𝑄) =
𝑛 or 2𝑛

min
𝑗=1

⎛
⎜⎜⎝

√
min(

∑𝑛

𝑖=1
‖𝑇𝑃𝑗𝑄(𝑃𝑗𝑖) −𝑄𝑖‖2)

𝑛

⎞
⎟⎟⎠

(1)

where 𝑖 is the vertex index, 𝑗 is the permutation index, 𝑇𝑃𝑗𝑄 is the
best-fit mapping process between the 𝑗th permutation of 𝑃 and 𝑄, and
𝑛 and 2𝑛 refer to the cases without and with flipping, respectively.
Flipping is allowed for the numerical examples in this study, unless
otherwise specified. To eliminate the effect of the vertex number on the
result, the summation 𝑠 is divided by 𝑛 in Eq. (1). The final similarity
metric approximates the averaged distance between a vertex in 𝑃 and
its corresponding vertex in 𝑄 at the best-fit alignment. In general, the
lower the similarity metric 𝑑, the more alike these two faces are; when
𝑑 equals zero, these two faces are congruent.

The proposed similarity metric might not adequately capture the
shapes of faces. This is because it is only based on the coordinates
of vertices, whereas the intermediate face shape also depends on the
curvature. For example, a planar face may share the same vertices
as a cylindrical face, yet it is obvious that they are not congruent,
even though the similarity metric between them is zero. To avoid such
undesirable cases, we assume that vertices are connected with straight
lines and faces are minimal surfaces in this study.

2.2.2. Clustering method
In clustering, we seek to partition mixed different 𝑛-gonal faces into

a specified number of groups of similar shapes. This can be achieved
through the farthest point sampling strategy [34] and 𝑘-means cluster-
ing [35]. Specifically, the group number is gradually increased by one
at each iteration until reaching the specified value. During iteration,
each face is treated as a point, and the distance between two different

points is evaluated using the similarity metric defined in Eq. (1). The
overall iteration process is summarized as follows:

1. Divide all faces into different groups according to their vertex
numbers to separate different 𝑛-gons. In each group, choose one
face at random as the initial group centroid.

2. In each group, best align all faces with the centroid to create
a group of superimposed faces. Then, shift each vertex of the
centroid to the average position of the corresponding vertices of
the superimposed faces.

3. Calculate the distance from each face to the updated centroid.
4. Check if the current group number reaches the target value. If so,
end the iteration; otherwise, continue the following steps to add
a new group.

5. Choose the face that is currently the farthest away (i.e., contains
the most dissimilar shape) from its corresponding centroid as the
centroid of a new group.

6. For the centroid of the new group, calculate its distances to the
faces that have the same number of vertices. Allocate the faces
that are closer to the new centroid than their current ones to the
new group.

7. Return to step 2.

After clustering, faces are divided into a specified number of groups
of similar shapes. Each face is assigned to a group, and its vertex corre-
spondence with the respective group centroid is determined. Increasing
the group number tends to make faces within the same group more
alike, as the most dissimilar shapes are gradually filtered into new
groups. However, the extent of geometric closeness within groups is
highly dependent on the input mesh. This is because throughout the
clustering process, the vertices are not moved, and the faces retain
their original shapes. Given a ‘‘poor’’ input mesh with faces mostly
in different shapes (which is often the case for an arbitrary mesh
generated from a free-form surface), clustering alone is typically not
very useful for achieving groups of near congruent shapes (discussed
further in Section 4). In this regard, based on the clustering result
(i.e., the grouping information and the vertex correspondence), an
optimization process is proposed to further transform faces within the
same group toward congruent shapes by fine-tuning the positions of
vertices, as detailed in the following subsection.

Note that other clustering methods [36] may also be adapted to
partition mixed 𝑛-gonal faces into groups of similar shapes. However,
most existing clustering methods are only based on the shapes of input
faces without considering the subsequent optimization. Using these
techniques, a better clustering result does not necessarily guarantee
a better optimization outcome [20]. Pre-considering the optimization
performance while clustering is a challenging task, which will be
further discussed in Section 5.

2.3. Optimization

2.3.1. Achieving congruent shapes
The main goal of optimization is to transform geometrically differ-

ent 𝑛-gonal faces into congruent shapes. Our key idea is to control the
shape of a face by manipulating its edges and angles. For instance,
the shape of a triangle can be determined by the lengths of its three
edges; two triangles with identical edge lengths are thus congruent.
Following this idea, to achieve congruent shapes for different 𝑛-gonal
faces, we propose to equalize their corresponding edges and angles.
To verify the effectiveness of this strategy, we must ensure that each
single 𝑛-gonal face with specified edge lengths and angles has a fixed
and unique shape. For the convenience of implementation and analysis,
in the following discussion, each angle is replaced by an ‘‘angle edge’’,
which is a virtual edge that connects the two neighboring points of this
angle’s vertex, as shown in Fig. 4.

Given a face with specified values of edges and angle edges, we must
first ensure its shape is fixed. Here, we approach this problem through
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Fig. 4. A face (in light blue) can be treated as a node-bar structural system. Nodes
are the face vertices, and bars are the edges (in dark blue) and angle edges (in yellow)
with specific lengths. In this example, the nodes cannot move without elongating
or shortening the lengths of bars, which indicates the face shape is fixed. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

kinematic analysis. A face can be treated as a node-bar structural
system, where nodes are the vertices and bars are the edges and angle
edges with specific lengths, as shown in Fig. 4. To fix the face shape,
we need to ensure that the nodes cannot move without elongating
or shortening the bars. In the node-bar system, each node contains
three degrees of freedom (DoF), and each bar poses one constraint.
Six additional constraints are required to connect the system to a
foundation to eliminate the rigid body motions. Thus, the number of
remaining DoF for an 𝑛-gonal face with 𝑛 vertices and 𝑚 bars is 3𝑛−𝑚−6.
According to Maxwell’s rule [37,38], when 3𝑛 − 𝑚 − 6 ≤ 0, no node
movement is possible, so that the face shape can be verified to be fixed.

In our proposed strategy, 2𝑛 bars are added (𝑛 from edges and
another 𝑛 from angle edges) for an 𝑛-gonal face. However, for triangular
faces, the angle edges are repeated with the edges; thus, only three
bars are effective (𝑚 = 3). For quadrilateral faces, the angle edges are
self-repeated, with only six bars being valid (𝑚 = 6, four from edges
and two from angle edges). For cases with 𝑛 > 4, no repetition exists
between edges and angle edges (𝑚 = 2𝑛). Together, the remaining DoF
for any 𝑛-gonal face is summarized in Table 1. Specifically, when 𝑛 > 6,
the remaining DoF is positive, meaning that the face shape can still be
deformed. For these cases, we add 𝑛 additional constraints by limiting
the distances between the 𝑖th and (𝑖 + 3)-rd vertices within each face.
This reduces the remaining DoF to 𝑛 − 6 − 𝑛 = −6, which is a negative
constant, thus ensuring fixed face shapes regardless of the value of 𝑛.

Given a face whose shape is fixed (with no remaining DoF), we also
need to ensure its shape is unique. Unfortunately, this is violated by the
cases of mirror images, as shown in Fig. 5. The shape difference here is
caused by the opposite directions in which the vertices deviate from the
mirror plane. To exclude such undesired instances, we further require
the signed distance (considering the direction) from each vertex to the
best-fit plane to be identical for different faces. The best-fit plane is the

Table 1
The number of nodes 𝑛 and effective bars 𝑚 in an 𝑛-gonal face. The
number of the remaining degrees of freedom equals 3𝑛−𝑚− 6; when it
is non-positive, the face shape is fixed.

𝑛-gon node(𝑛) bar(𝑚) remaining DoF

3 3 3 0
4 4 6 0
4 < 𝑛 𝑛 2𝑛 𝑛 − 6

Fig. 5. A face shares equivalent values of edges and angle edges with its mirror image,
but their shapes are different. This difference is caused by the opposite directions in
which the vertices deviate from the mirror plane.

one that minimizes the sum of the squared distances to all its vertices.
For faces within the same group, the normal directions of their best-fit
planes must be unified with the group centroid.

Finally, based on the above analysis, faces will be congruent (for
cases with 𝑛 ≤ 6) if they contain equivalent values of edges, angle
edges, and signed distances from vertices to the best-fit planes. The
corresponding similarity term 𝐹𝑠 can be formulated as follows:

𝐹𝑠 =

𝐹∑
𝑖=1

𝑛𝑖∑
𝑗=1

(
(𝑙𝑖𝑗 − 𝑙𝑖𝑗 )

2 + (𝑙′
𝑖𝑗
− 𝑙′

𝑖𝑗
)2 + (ℎ𝑖𝑗 − ℎ̄𝑖𝑗 )

2

)
(2)

where 𝐹 is the number of faces; for the 𝑖th face, 𝑛𝑖 is the number
of edges, 𝑙𝑖𝑗 and 𝑙′

𝑖𝑗
are the 𝑗th edge length and angle edge length,

respectively, and ℎ𝑖𝑗 is the signed distance from the 𝑗th vertex to the
best-fit plane; and 𝑙𝑖𝑗 , 𝑙

′
𝑖𝑗
and ℎ̄𝑖𝑗 are their respective mean values of

the corresponding group. Specifically, to calculate ℎ𝑖𝑗 for vertex 𝑉𝑖𝑗 in
face 𝐹𝑖, one needs to find the best-fit plane 𝑃𝑖 of 𝐹𝑖 and determine the
closest point 𝑉 ⋆

𝑖𝑗
of 𝑉𝑖𝑗 on 𝑃𝑖. Then, ℎ𝑖𝑗 can be computed as the signed

distance from 𝑉𝑖𝑗 to 𝑉 ⋆
𝑖𝑗
. However, during this process, 𝑃𝑖 and 𝑉 ⋆

𝑖𝑗
typ-

ically introduce strong nonlinearity into ℎ𝑖𝑗 , making the optimization
difficult to solve. Therefore, to simplify computation, 𝑃𝑖 and 𝑉 ⋆

𝑖𝑗
are

treated as constants during optimization, with their values updated at
the beginning of each iteration based on the current geometry (using
the Rhino built-in function FitPlaneToPoints [39]). In doing so, ℎ𝑖𝑗 is
simplified as the signed distance from 𝑉𝑖𝑗 to a predefined position.
This converts 𝐹𝑠 into a quadratic form, enabling it to be solved using
standard gradient-based methods.

2.3.2. Approximating the target surface
In architectural applications, it is often required that the gener-

ated mesh closely approximates the given target surface. This can be
achieved by requiring each vertex to be close to the target surface,
vertices on the boundary (boundary vertex) to be close to the boundary
curves, and corner vertices to remain in their original positions. These
corner vertices can be identified by their corresponding turning angles
𝜃, as illustrated in Fig. 6. In this study, we designate boundary vertices
as corner vertices if their corresponding turning angles 𝜃 are greater
than 1. The closeness term 𝐹𝑐 can be formulated as:

𝐹𝑐 = 𝜔𝑠𝑢𝑟

𝑉∑
𝑖=1

𝑑𝑠𝑖
2 + 𝜔𝑏𝑜𝑢

𝑉𝑏𝑜𝑢∑
𝑗=1

𝑑𝑏𝑗
2 + 𝜔𝑐𝑜𝑟

𝑉𝑐𝑜𝑟∑
𝑘=1

𝑑𝑐𝑘
2 (3)

where 𝑑𝑠𝑖, 𝑑𝑏𝑗 , and 𝑑𝑐𝑘 denote the distances from each vertex to the
target surface, each boundary vertex to the boundary curves, and each
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Fig. 6. Corner vertices are distinguished from boundary vertices based on the turning
angle 𝜃. If 𝜃 > 1, the corresponding boundary vertex is designated as a corner vertex.

corner vertex to its initial position, respectively. 𝜔𝑠𝑢𝑟, 𝜔𝑏𝑜𝑢, and 𝜔𝑐𝑜𝑟 are
the corresponding weights for each term. The total number of vertices,
boundary vertices, and corner vertices are denoted by 𝑉 , 𝑉𝑏𝑜𝑢, and 𝑉𝑐𝑜𝑟,
respectively. In this formulation, 𝑑𝑠𝑖 and 𝑑𝑏𝑗 are highly nonlinear in
relation to vertex positions. To simplify computation, in optimization,
we first identify the closest point from each vertex to the target object.
Specifically, the closest points from vertices to the target surface (given
as a mesh) [40] and to the boundary curves (given as polylines) are
computed using the Rhino built-in functions Mesh.ClosestPoint [41] and
Polyline.ClosestPoint [42], respectively. These closest points are then
treated as constants, updated at each iteration, and assigned as the
target positions for their corresponding vertices. As a result, minimizing
𝐹𝑐 becomes the minimization of distances from vertices to prede-
fined target positions. This redefined objective involves a quadratic
formulation that offers feasible solutions.

2.3.3. The global objective function

Combining all subterms (𝐹𝑠 and 𝐹𝑐) gives the global objective
function 𝐹𝑔 :

𝐹𝑔 = 𝜔𝑠𝐹𝑠 + 𝜔𝑐𝐹𝑐 (4)

where 𝜔𝑠 and 𝜔𝑐 are the corresponding weights. Users can control
the bias of optimization toward each subgoal by adjusting the values
of the weights. In this study, we set 𝜔𝑠 = 𝜔𝑐 = 1 as the default
values, unless otherwise specified. During optimization, adjacent faces
are kept connected, with the geometry remaining a mesh throughout
the whole process. The design variables are the positions of mesh
vertices. Moving each vertex simultaneously changes the shapes of all
its adjacent faces. The movement of each vertex is determined by the
resultant effects of all its adjacent faces (related to 𝐹𝑠) and the vertex-
wise closeness constraint (related to 𝐹𝑐). All optimization problems are
solved using the nonlinear conjugate gradient method [43]. Minimizing
𝐹𝑔 transforms the input mesh toward the user-defined geometric goals.

3. Results

In this section, we assemble the proposed clustering and optimiza-
tion techniques to solve multiple problems. We begin in Section 3.1
by defining two error metrics to assess the method performance. Then,
in Section 3.2, we examine the effectiveness of the optimization strat-
egy for achieving congruent shapes via benchmark tests. Section 3.3
investigates the impact of input parameters on outcomes and explores
an iterative strategy that may enhance results. The versatility of our
method in handling general 𝑛-gons is demonstrated in Section 3.4 by
testing diverse models with various mesh patterns. Finally, Section 3.5
offers a comparative analysis with a relevant approach focused on
triangular meshes.

3.1. Implementation details

Two error metrics, 𝛿𝑠 and 𝛿𝑐 , are introduced to assess algorithm
performance. The similarity error, 𝛿𝑠, is evaluated by normalizing 𝑑max

with the average edge length of the input mesh, where 𝑑max is the
largest similarity metric (as defined in Section 2.2.1) between faces and
their respective centroids. The closeness error, 𝛿𝑐 , represents the maxi-
mum distance from vertices to the target surface. The interpretation of
distance varies for different vertex types: inner vertices are measured
with respect to the surface, boundary vertices to boundary curves, and
corner vertices to their initial positions. For comparison, all models are
uniformly scaled, with the maximum side lengths of their respective
bounding boxes set to one.

The algorithm has been scripted as a plugin using C# codes with
double precision in the Rhino–Grasshopper CAD platform. All numer-
ical results are obtained on an ordinary personal computer with an
i7-7700HQ Intel core. It is worth noting that our method is a numerical
approach, which cannot produce exact solutions but only results with
numerical errors. Nevertheless, for convenience, faces that are highly
similar with error 𝛿𝑠 below 1E-13 (close to the machine error) are
referred to as ‘‘congruent faces’’ in the following discussions.

3.2. Method validation

A series of examples are first tested to examine the effectiveness
of the proposed optimization strategy 𝐹𝑠 (see Section 2.3.1), as shown
in Fig. 7. For each test, the objective is to optimize faces of the same
topology into congruent shapes (𝜔𝑠 = 1, 𝜔𝑐 = 0). In this figure, the
superimposed faces (obtained as described in the second step of the
clustering iteration) are given at the bottom of each geometry.

In (a), we have two connected right triangles with the same edge
lengths and orientations. If flipping is permitted, the input faces can be
perfectly superimposed, indicating they are already congruent and thus
requiring no optimization. However, if the face orientation needs to be
preserved (i.e., not allowing flipping), which may occur in real projects,
the superimposed input faces cannot match. Here, optimization is nec-
essary; eventually, the input right triangles are successfully converted
into congruent isosceles triangles, with their orientations remaining
unchanged.

In (b), we discuss two hexagonal faces that are mirror images of
one another. We first only equalize the lengths of edges and angle
edges; after optimization, the shapes remain unchanged and incon-
gruent, as expected (see Section 2.3.1). Then, we further equalize the
signed distances from vertices to their best-fit planes. This successfully
optimizes the faces into congruent shapes that are also planar. Here,
planarity is caused by the average signed distance being equal to zero,
as the distances of mirror images only differ in sign but have the same
magnitude.

In (c), we test three Platonic solids and two Archimedean solids,
which are closed meshes composed of different 𝑛-gons. Specifically,
the two Archimedean solids contain faces with 𝑛 > 6, which are
solved by additionally constraining the distances between the 𝑖th and
(𝑖 + 3)-rd vertices within each face based on Eq. (2) (as described in
Section 2.3.1). In all cases, we start from random geometries that are
topologically equivalent to the target solids but contain faces mostly
in different shapes. After optimization, with the preserved mesh con-
nectivity, faces of the same group seamlessly transform into congruent
regular polygons, achieving the intended Platonic/Archimedean solids.

3.3. Numerical investigation

3.3.1. Effects of the input parameters
This section investigates the effects of input parameters on the

final outcome, as shown in Fig. 8. The required input parameters for
our algorithm are the weight values for achieving congruent shapes
(𝜔𝑠) and approximating the target surface (𝜔𝑐), and a target group



Computer-Aided Design 166 (2024) 103633

6

Y. Liu et al.

Fig. 7. Method validation: for each input geometry, we seek to optimize faces of the same topology into congruent shapes without other constraints (𝜔𝑠 = 1, 𝜔𝑐 = 0). The input
geometries include (a) two connected right triangles with identical edge lengths and orientations, (b) two separate hexagonal faces that are mirror images of one another, and (c)
closed 𝑛-gonal meshes that are topologically equivalent to Platonic or Archimedean solids but with variously shaped faces. Here, all numerical tests are completed within 10 s.

number 𝑘. The investigation is based on a simple free-form geometry,
as shown in Fig. 8(a). Three different scenarios are discussed, with
the corresponding results detailed in Fig. 8(b). Faces within the same
group are superimposed below the corresponding output mesh. In each
scenario, the target group number 𝑘 is set to 1, 3, and 8, respectively.

We start with 𝜔𝑠 = 𝜔𝑐 = 0 in Scenario 1, where the faces of
the input mesh are only clustered into different groups with no shape
optimization. In this case, the closeness error 𝛿𝑐 is always zero because
the input mesh is built on the target surface. The similarity error 𝛿𝑠
decreases as the group number increases since the most different shapes
are filtered into the new groups. However, here, the face shapes remain
unchanged; the similarity error 𝛿𝑠 is thus highly dependent on the input
mesh.

In Scenario 2, we include optimization to transform faces toward
congruence (𝜔𝑠 = 1 and 𝜔𝑐 = 0) based on the clustering result. In
the obtained geometries, faces within the same group are successfully
optimized into congruent shapes, but the overall geometry is largely
modified. For instance, when 𝑘 = 1, the input geometry is converted
into a barrel-like vault, losing the features of double curvature, with the
boundaries also distorted into a zigzag pattern. Although increasing the
group number reduces shape distortion, the produced shape is difficult
to anticipate, and users still lack control over the profile of the final
geometry.

In Scenario 3, an additional optimization goal is added to approxi-
mate the target surface (𝜔𝑠 = 1 and 𝜔𝑐 = 1). In the generated geome-
tries, the overall shapes are better preserved, including the boundaries,
with 𝛿𝑐 significantly decreased. However, due to the imposed extra
constraints, faces within the same group cannot achieve congruent
shapes. One can manipulate the weight values to control the errors, but
decreasing one error typically increases the other. For real fabrication,
it is often desired to maintain 𝛿𝑐 at a reasonably small value and
decrease 𝛿𝑠 as much as possible; in this case, one generally needs to
increase the group number.

3.3.2. Clustering–optimization iteration
This subsection discusses an iterative clustering–optimization strat-

egy that may further reduce the similarity error without needing more

groups. In Scenario 3, we optimize for congruent shapes based on
the clustering result of the input faces. When optimization reaches
convergence, faces have been partially transformed toward their re-
spective centroids. At this point, faces are different from the initial
shapes; certain faces may be closer to other centroids compared to their
current ones. Thus, allowing faces to move across groups may further
reduce the similarity error. To take advantage of this possibility, we
propose an iterative clustering–optimization strategy: every time the
optimization is converged, we recluster the obtained faces and run
another optimization until the clustering result remains unchanged.
The effectiveness of this strategy is examined based on the geometry
obtained in Scenario 3 with 𝑘 = 8. After the first optimization, we
continue the clustering–optimization iteration, as shown in Fig. 8(c).
It can be seen that the clustering result is changed after reclustering
the configuration at the end of the first optimization, and reaches
convergence after three additional iterations. The final similarity error
(𝛿𝑠 = 0.019) is reduced by 27% compared to the result of the first
optimization (𝛿𝑠 = 0.026). For subsequent numerical tests in this
paper, to prevent complex cases requiring excessively long runtime to
converge, the maximum iteration number is limited to 5.

3.4. Applicability to general 𝑛-gons

Our method has broad applicability to meshes composed of general
𝑛-gons, as shown in Fig. 9. Diverse models with various mesh patterns
are presented, with their detailed data listed in Table 2. In the gener-
ated geometries, faces are replaced by their respective group centroids.
This introduces gaps and overlaps between adjacent faces due to the
remaining similarity errors. Yet, as illustrated in Fig. 9(a), the similarity
error can be effectively reduced by increasing the group number. Gaps
and overlaps are correspondingly mitigated, even to an unnoticeable
level. In Figs. 9(b) and (c), we investigate geometries that contain
inherent symmetries. Results suggest that our method can adeptly
identify the symmetry (even in cases less perceptible to the human eye),
hence allowing fair approximations of these geometries with just a few
groups of distinct shapes. However, for general free-form geometries
(see Figs. 9(d–f)), reducing the group number is more challenging; a
moderate number of groups is typically needed to achieve relatively
low similarity errors.
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Fig. 8. Numerical investigation. (a) The input mesh generated by discretizing a given free-form surface. (b) Investigating the effects of the input parameters 𝜔𝑠, 𝜔𝑐 , and 𝑘 on the
generated geometries and errors (𝛿𝑠 and 𝛿𝑐 ). (c) A proposed iterative clustering–optimization strategy, which reclusters the faces based on the optimized configuration of the last
step, followed by another optimization until reaching convergence, i.e., the clustering results remain unchanged. All numerical examples in this figure are finished within 15 s.
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Fig. 9. Our method has wide applicability to meshes composed of general 𝑛-gons. (a) By increasing the group number, we can effectively reduce the similarity error, hence
mitigating the gaps and overlaps. (b and c) The method can identify the inherent symmetry of input geometries, allowing fair approximations with only a few groups of distinct
shapes. (d–f) General free-form geometries typically require a moderate number of groups to achieve a relatively low similarity error.

Fig. 10. Comparison results. (a) The triangular mesh created by [26], with the similarity error evaluated using our definition. (b) We create an isotropic mesh based on (a) with
a close face amount, and take it as the input for our method to generate a solution with a comparable similarity error. (c) Our method can also deal with the dual of the isotropic
mesh, which contains mixed 5, 6, and 7-gons.

Table 2
Detailed data of numerical examples. 𝐹 is the face number, 𝑘 is the group number, 𝛿𝑠
is the similarity error, and 𝛿𝑐 is the closeness error.

Model 𝐹 𝑘 𝛿𝑠 𝛿𝑐 Runtime(min)

9(a) 725 5 0.070 0.006 0.3
9(a) 725 20 0.056 0.004 0.5
9(a) 725 80 0.029 0.002 0.6
9(b) 1,000 14 0.022 0.001 3.1
9(c) 722 6 0.029 0.004 0.3
9(d) 1,121 200 0.029 0.009 2.7
9(e) 1,260 150 0.025 0.001 3.1
9(f) 1,656 120 0.024 0.001 6.8
10(b) 2,068 18 0.029 0.005 0.9
10(c) 1,036 200 0.029 0.015 3.4

3.5. Comparison

We compare our method with a relevant study that focuses on
triangular meshes [26], as shown in Fig. 10. Both approaches ([26] and
ours) aim to achieve surface approximations with a limited number of
different faces. Their method realizes diverse free-form shapes using
a specified set of template triangles by reconfiguring mesh topology.
Conversely, our method reduces the number of different faces within
given input meshes by adjusting vertex positions with preserved topol-
ogy. For comparison, we start with a mesh created using their method
(see Fig. 10(a)), containing 2,074 faces with only 9 distinct shapes. The
similarity error evaluated using our definition (see Section 3.1) is 𝛿𝑠 =
0.031. Then, we apply a remeshing technique [44] to create an isotropic
mesh with a comparable face amount (i.e., 2,068). The isotropic mesh
contains faces that are already similar, making it a suitable high-quality
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Fig. 11. Results obtained by only clustering the faces of the initial mesh, as per the original design approach. (a) The recreated input mesh. (b) The relationship between the
similarity error 𝛿𝑠 and the group number 𝑘. (c) Local gap profiles of different combinations of 𝛿𝑠 and 𝜁 , and that of the real building.

input for our approach. Based on this input, our method achieves 18
groups of different triangles to attain a comparable similarity error (see
Fig. 10(b)). As indicated by the results, their method typically requires
fewer groups of distinct shapes, due to the careful design of the mesh
topology. However, their method only deals with triangular meshes,
while our approach is more versatile, capable of solving general 𝑛-gons
(see Fig. 10(c)). Moreover, their method tends to substantially modify
the input mesh, while our method maintains topology and subtly
adjusts geometry, hence serving as a more fitting choice for scenarios
demanding specified patterns (like semi-regular, Penrose, Islamic, or
other patterns) to achieve intended aesthetic effects.

4. Case study: Soumaya museum

In this study, we revisit the façade design of the Soumaya Museum
based on an input mesh (Fig. 11(a)) that contains 1,924 pentagonal and
hexagonal faces, each with a distinct shape. The original approach [29,
32] for reducing the shape variety is to cluster all panels into a specified
number of groups, with each replaced by the group centroid. Here,
we first follow the original approach by performing clustering alone
(𝜔𝑠 = 𝜔𝑐 = 0). The relationship between the group number 𝑘 and
the similarity error 𝛿𝑠 is detailed in Fig. 11(b). It can be seen that
clustering alone can reduce 𝛿𝑠 and is especially effective when the
group number is small, as 𝛿𝑠 drops rapidly when 𝑘 increases. However,
after a certain point (around 𝑘 = 150), 𝛿𝑠 decreases much more
slowly; a small decrease in 𝛿𝑠 requires a large number of additional
groups. This is because faces are already similar in each group, and
the most representative shapes are already identified; increasing the

group number will only add details, which has a subtle influence on
reducing the error. Fig. 11(c) presents local gap profiles after replacing
each panel with its corresponding group centroid. To prevent overlaps,
a simple approach is to uniformly scale the panels by a factor of
𝜉 based on their average vertex positions. This approach offers an
initial estimate of the gaps during the early design stage. However,
the actual gap distribution could be highly project-specific and require
further fine-tuning of the panel positions based on multiple practical
considerations. This is beyond the scope of the present study and will
be further discussed in Section 5. For the current case study, we select
‘‘𝛿𝑠 = 0.022 and 𝜉 = 0.90’’ as a reference due to its visual resemblance
to the real gap profile. Now, the required group number by clustering
alone is 𝑘 = 500. To reach the same similarity error with fewer groups,
we incorporate the proposed optimization strategy, as demonstrated
below.

Given a specified error threshold, the minimal required group num-
ber can be identified using the bisection method [45], as shown in
Fig. 12. We start with a group number interval of [200, 500] and
gradually reduce it to a tolerance of 10 by adaptively updating the
upper or lower bound. The final group number converges to 𝑘 = 285,
with a total runtime of 71.7 min. In the obtained mesh, the similarity
error is 𝛿𝑠 = 0.022, satisfying the given threshold. Vertices remain close
to the target surface (𝛿𝑐 = 0.001), indicating that the optimized ge-
ometry well approximates the intended shape. The final group number
(𝑘 = 285) achieves a 43.0% decrease from 500 (clustering alone) and
a significant 85.2% reduction from the original 1,924 input faces, as
shown in Fig. 13. Due to the shape optimization, vertices are shifted on
the target surface, leading to a slight modification of the panel shapes.
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Fig. 12. The proposed framework for determining the required group number with respect to a specified error threshold.

Fig. 13. The comparison among (a) the input mesh, (b) the geometry obtained by only clustering, and (c) the optimized geometry. The final group number (𝑘 = 285) achieves a
43.0% decrease from 500 (clustering alone) and only accounts for 14.8% of 1,924 (the input mesh).

For cases where the shape modification is considered undesired, users
can increase the group number or add additional optimization goals to
account for the panel shapes.

5. Discussion

The proposed method has potential practical application in the
façade design of free-form structures. Given a user-defined error thresh-
old, our method can create a mesh with a reduced number of dif-
ferent faces while approximating the target surface. Mesh faces can
be replaced with their respective group centroids to achieve exactly
congruent panels. Uniformly scaling the panels can avoid overlaps and
create an initial estimate of the gaps at the early design stage. However,
further adjustment of the gaps is still required to meet practical con-
siderations, such as facilitating installation, accommodating thermal
expansion, and creating desired aesthetic effects [46,47]. To solve
this problem, optimization techniques can be employed. Specifically,

the practical considerations first need to be formulated as explicit
geometric constraints. The design created using our method can be
taken as the initialization. The six degrees of freedom (i.e., translations
and rotations) of each panel and the scaling factor of each group could
be considered as the design variables. Standard gradient-based methods
could be used as the solver, while special techniques may be required
for complex constraints that are highly nonlinear or discrete. By solv-
ing this optimization problem, the created design could better align
with the specific practical needs while maintaining a small number of
different panel shapes.

For future research, the clustering–optimization method may be ex-
tended in several aspects. First, besides the input parameters discussed
in Section 3.3.1, the final result also depends on the input mesh. In
this study, the input mesh is assumed to be provided by users, with
the topology remaining unchanged. A possible research direction is
to improve the input mesh through topological operations, such as
specifically designed remeshing techniques [26,48]. Second, a more
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sophisticated clustering method may further improve the final outcome.
The current strategy is based on the face shapes without considering
the subsequent optimization. After clustering, the corresponding edges,
angles, and signed distances are expected to be equivalent, and vertices
are expected to stay on the target surface. These constraints may easily
be in conflict, resulting in a compromising solution. In this regard, pre-
considering the imposed constraints during clustering to reduce the
possible conflicts may improve the optimization outcome. Finally, in
terms of runtime, our method is not highly efficient for large-scale
problems with many panels. In the case of the Soumaya Museum, to
precisely determine the required group number up to a specific error
threshold, a large number of (around 20) iterations of clustering and
optimization are involved, leading to a lengthy runtime of 71.7 min.
However, for general usage of our algorithm, where users interactively
adjust the group number based on the resultant geometry, the runtime
for each trial is much shorter. Notably, the simple cases in Figs. 7
and 8 are all finished within 15 s. Even for the complex geometries
in Figs. 9 and 10, each case only takes a few minutes, as shown in
Table 2. Nevertheless, for future research, it is worth further improving
efficiency to enhance the interactive experience, such as by integrating
parallel computing techniques [49].

6. Conclusion

In this study, we present a new method that interleaves clustering
and optimization to reduce the number of different faces in free-form
surface approximations composed of general 𝑛-gons. Specifically, a
similarity metric is defined to quantify the geometric closeness between
different faces. An adaptive clustering method is developed to partition
mixed different 𝑛-gonal faces into a specified number of groups of
similar shapes. An optimization strategy is proposed that can trans-
form geometrically different 𝑛-gonal faces toward congruent shapes, as
validated through a series of numerical tests. By constraining vertex de-
viations from the target surface, the generated mesh can remain close to
the intended shape, which is often desired in architectural applications.
However, when multiple geometric goals are included, the optimization
may only converge to a compromising solution, with each goal merely
partially achieved. Nevertheless, an iterative clustering–optimization
strategy is proposed that may enhance outcomes without increasing
the group number. The effectiveness of our method is demonstrated
through diverse geometries with various mesh patterns.

Moreover, our method is tested based on the case study of an
actual architectural project, the Soumaya Museum. We first revisit the
original design approach, where only clustering is performed. We find
that clustering alone can reduce the similarity error and is especially
effective when the group number is small, but it is generally less
useful for achieving very low errors. To enhance the result, we present
a framework that further incorporates optimization to determine the
minimal required group number while satisfying a user-specified error
threshold. By using this approach, the group number can be signif-
icantly reduced by 43%, from 500 (clustering alone) to 285 (with
optimization), accounting for only 14.8% of 1924 (the total face num-
ber). Overall, the proposed method holds potential practical application
in the façade design of free-form structures for producing cost-effective
solutions.
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